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We study a general model of random dynamical simplicial complexes
and derive a formula for the asymptotic degree distribution. This asymp-
totic formula generalises results for a number of existing models, includ-
ing random Apollonian networks and the weighted random recursive tree.
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1. Introduction. Complex networks are well known for their nontrivial features, such
as being scale-free, (having degree distribution whose tail follows a power law), and form-
ing small or ultra-small worlds (meaning that the diameter or typical distances between two
random vertices is logarithmic or doubly logarithmic, respectively). As a result, numerous
models have been developed to describe these networks, including the preferential attach-
ment model introduced in this context by Barabdsi and Albert [8] and defined and studied
rigorously by Bollobds, Riordan, Spencer and Tusnaddy [16]. This model describes a mecha-
nism for the growth of a complex network which realises the rich-get-richer postulate: when
a new vertex joins the network it is more likely to attach to vertices that are popular, that is,
having high degree.

Preferential attachment models had also been considered earlier within the context of ran-
dom evolving recursive trees; which may be described as growing labelled trees where ver-
tices arrive one at a time and connect to an existing vertex chosen randomly according to a
certain probability distribution. In the ordered recursive tree, introduced by Prodinger and
Urbanek in [43] and studied and rediscovered under various guises (under the name nonuni-
form recursive trees by Szymafiski in [45], random plane oriented recursive trees in [35,
36], random heap ordered recursive trees [21] and scale-free trees [46]), existing vertices are
chosen with probability proportional to their degree, and thus according to a the preferen-
tial attachment mechanism. Another type of randomly evolving recursive tree is the uniform
recursive tree, introduced by Na and Rapoport in [40]; here existing vertices are chosen uni-
formly at random. In [34], Kuba and Panholzer derive the degree distribution in both these
trees and another type of recursive tree known as a binary increasing tree.

These models were extended by Bianconi and Barabasi [10] who proposed an inhomoge-
neous recursive tree model in which each vertex has its own fitness. In their model, a newly
arrived vertex attaches to an existing vertex selected with probability proportional to the prod-
uct of its fitness and its degree (so that the popularity of a vertex is moderated by its fitness).
The most significant difference between the Bianconi—Barabdsi model and the Barabasi—
Albert model is the emergence of condensation (observed in [10] and proved rigorously by
Borgs et al. [17] and also later, in a more general context, by Dereich and Ortgiese [25]). This
means, under certain conditions on the distribution of fitnesses, a small (sub-linear) number
of vertices with “high” fitness accumulate a positive fraction of the total number of edges
in the graph. A number of other variations of the preferential attachment model have been
proposed and studied, and for a more comprehensive overview see [46] and [9].

The above models create random trees. However, they may be extended so that newly ar-
riving vertices make m > 1 new connections. One way of doing this is to consider m copies
of the new vertex each throwing one new connection to the existing network and then identi-
fying them as one vertex (hence forming a multigraph). See Chapter 8 in [46] for a detailed
description.

Higher dimensional preferential attachment mechanisms. All these models are one-
dimensional in the sense that newly arriving vertices are attached to single vertices. Our mo-
tivation is to consider attachment mechanisms in which newly arriving vertices join groups of
vertices, where the attachment takes into account intrinsic features of a group of vertices, and
thus encodes more complexity. Simplicial complexes are a natural choice for incorporating
this higher-dimensional complexity at a local level. Furthermore, complex networks appear-
ing in applications are typically locally dense: that is, although they form sparse graphs, the
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neighbourhood of a typical vertex is dense. This is usually measured by the clustering co-
efficient. The classic preferential attachment models do not satisfy this, as the graph that is
formed is tree-like within a short distance from a randomly chosen vertex. However, this “lo-
cal density” arises naturally from the fact that simplicial complexes are downwards closed.
Hence, a preferential attachment model which involves higher order interactions encapsu-
lates these features naturally. Additionally, (random) simplicial complexes have already been
used in applications such as topological data analysis (see, e.g., [19]), and recent theories of
quantum gravity (see, e.g., [1]).

DEFINITION 1.1. An (abstract) simplicial complex K is a family of sets that is down-
wards closed: for any set o € K, if 0’ C o, then o’ € K. Any family of sets may be turned
into a simplicial complex in the natural way by taking the downwards closure, that is, by
adding the minimum number of subsets to make the family downwards closed.

An element o € K is called a face, and we say that o has dimension s if it has cardinality
s + 1 (we also call it an s-face or an s-simplex). For s € NU {0, —1}, we denote by KX©) the
subset of IC consisting of all its s-faces. The dimension of K is defined to be the maximum
s such that ) is nonempty (if K = @ we say it has dimension —1). We call the 0-faces of
K its vertices, and K© its vertex set. Finally, for a vertex v € K©) we define its degree by
deg (v) :=|{o € KV : v € 0}| (the degree in the usual sense with regards to the simple graph
underlying the complex).

One model that realises higher order interactions is the random Apollonian network. It
was first introduced in [4] and independently in [26] as a model for complex networks and
was subsequently extended by Zhang et al. [47, 48]. Here, in dimension d, we begin with a
d-simplex, all of whose (d — 1)-dimensional faces are active. In each step, an active (d —
1)-dimensional face is selected uniformly at random and d new (d — 1)-faces are formed
by the union of a newcoming vertex and each subset of the selected face of size d — 1.
Subsequently, the selected (d — 1)-dimensional face is deactivated, so that the number of
active (d — 1)-faces in the complex increases by d — 1 at each step. As each of the d new
(d — 1)-faces, together with the selected face o form a d-face, we can interpret this step
geometrically as a d-face being “glued” onto the face o, with the set of active faces being the
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FI1G. 1. The evolution of the model in dimension 3. At each step, a 2-face (triangle) is chosen randomly according
to step (i), and subdivided. In Model B, the chosen face is then removed from the complex.
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boundary of the complex (see Figure 1 below). Note that, when a node v enters the network,
its degree is equal to d and the number of active faces containing it is equal to d. Moreover,
every time an active face containing v is selected, the degree of v increases by one and the
number of active faces containing v increases by d — 2. Therefore, the number of active
faces containing a given vertex v is (d — 2) deg(v) — d(d — 3). Thus, if d > 2 the number
of active faces containing a vertex is proportional to its degree, and hence this model gives
rise to a preferential attachment mechanism. In [33] and independently in [27], the authors
determined that the degree distribution of this model for d > 2, gives rise to a power law with
exponent T = 2;"%23 =2+ d%Z'l For d = 3 the same model has been studied under the name
random stack-triangulations by Albenque and Marckert in [2], where they proved that the
sequence of complexes with graph distance metric rescaled by /n considered as a compact
metric space converges in the Gromov—Hausdorff topology to the continuum random tree of
Aldous [3].

In the Apollonian network the choice among the active (d — 1)-faces is uniform. In particu-
lar, there is no preferential attachment mechanism directly associated with the evolution of the
vertices. This motivates us to define and study mechanisms in which these high-dimensional
sub-structures are inhomogeneous and have some intrinsic fitness which is a function of the
fitness of their members.

Specific implementations of this idea were introduced by Bianconi, Rahmede, and other
co-authors motivated by applications in physics ([11-14, 22, 24]). (E.g., random triangula-
tions have been considered in the context of quantum gravity [1].) The model of complex
quantum network manifolds (CQNMs) described in [11] in dimension d > 1 can be viewed
as a generalisation of the random Apollonian network, where vertices are equipped with in-
dependent, identically distributed (i.i.d.) weights (called energies in this context) and each
(d — 1)-face o of the evolving d-dimensional simplicial complex has energy €, given by
the sum of the energies of its vertices. The simplicial complex evolves in the same way as
the random Apollonian network, with the only difference being that at each time-step, a new
vertex selects an active (d — 1)-face o with probability proportional to e~ (where 8 > 0
is a fixed constant, usually interpreted as the “inverse temperature”) instead of uniformly at
random. In [11], the authors argue that when d = 2 the underlying graph has degree distribu-
tion with exponential tail while, when d > 3 the degree distribution follows a power law with
exponent that depends on d, 8 and the distribution of the weights. In this paper, we verify a
rigorous version of this result when the energies are bounded (see Section 2.3).

In [12], Bianconi and Rahmede introduce a more general model called the network geom-
etry with flavour (NGFs). The network geometry with flavour, in dimension d and flavour
s € {—1,0, 1} proceeds as follows. As before, vertices are equipped with i.i.d. energies and
each (d — 1)-face o of the evolving d-dimensional simplicial complex has energy €, which
is equal to the sum of the energies of its vertices. At each time-step, a new vertex selects a
(d — 1)-face o with probability proportional to e A€ (1 + s deg, (o) —s), where B >01isa
fixed constant. In the case s = —1, Bianconi and Rahmede [11] argue that when d = 2 the
underlying skeleton graph has degree distribution with exponential tail, while when d > 3 the
degree distribution obeys a power law, with an exponent that depends on d as well as on 8
and the distribution of the weights. Moreover, in [14], Bianconi, Rahmede and Wu argue that
for d =2, if s = —1 the underlying skeleton graph has degree distribution with exponential
tail, while if s = 0, the underlying skeleton graph has power law tails. We will prove weaker
versions of both these results rigorously in this paper, in the sense that the degree distribution
has a tail bounded from above and below by a power law. See Section 2.3 for more details.

INote that often in the literature surrounding Apollonian networks, rather than using the dimension of the initial
simplex, authors use the number of vertices in an “active” face as the parameter of the model. Thus the Apollonian
network with parameter d is the same as the Apollonian network in dimension d — 1.
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There are many other models of random simplicial complexes, and for more details see the
review articles by Kahle [31] and Bobrowski and Kahle [15].

1.1. Definition of the model: The inhomogeneous dynamic simplicial complex. In this
paper, we consider a sequence of simplicial complexes (K,),>0 of fixed dimension d > 0.
The distribution of (K,),>0 depends on two parameters: a symmetric fitness function f :
[0, 1] — R, and a probability measure ;. whose support is a subset of [0, 1] (in fact, we only
require that i only takes positive values and has bounded support; the assumption that the
essential supremum is equal to 1 can be made without loss of generality).

For all n > 0, K,,1 is obtained by adding one vertex labelled n + 1 to K, and assigned
random weight sampled independently according to u. Using the weights of the vertices, we
define the fitness of a face o as the image by f of the vector w(o) of the weights of the
vertices that belong to that face. Abusing notation slightly, we sometimes write f (o) instead
of f(w(o)). Since f is assumed to be symmetric, the order of the coordinates of w (o) is not
relevant.

Motivated by this symmetry, for all s > 0, we view the type w(o) of an s-dimensional
face o as an element of C; := [0, 1]°1! / ~, where ~ denotes the equivalence relation where
vectors are the same under permutation of their entries. Unless otherwise stated, we identify
entries of C, with the set {(xg,...,xs) € [0, 1*T! 1 xg < --- < x,} and equip C; with the
max-norm inherited from [0, 1]5+!.

We consider two versions of the model: Model A and Model B. These models are defined
as follows: first, let /o be an arbitrary (d — 1)-dimensional simplicial complex, with finite
vertex set Vy € —Ng and each vertex assigned a fixed weight chosen from Supp(u) (in fact,
we show that our limiting results do not depend on this choice of weights). Then, recursively
forall n > 0:

(i) Define the random empirical measure

IT, = Z 5a)(d)

oercy’ ™V

on Cyg—1 and the associated probability measure on the set ICﬁ,dfl) of (d — 1)-dimensional
faces:

1 fl, = 2 8 here Z,, := dIl
(1) n=— ) [f@)8, where =), S@ AT @),

n _ d—1
oekcyY

We call Z, the partition function associated with the process (KCp,),>0 at time n.
(ii) Select aface o' = (0, ...,0,_,) € IC,(fl_l) according to the measure I1,,.
(iii) In both Models A and B, for each 0" € IC,(fi_Z) such that 6" C ¢’ add the face o” U

{n + 1} to IC,, (recall that IC;,_I) = ). Moreover, in Model B remove the set o’ from .
Then, take the downwards closure (recall Definition 1.1) to form /C, 1.

Note that, in Model A the existing faces always remain in the complex, while in Model B
the selected face is removed at every step. We call step (iii) applied to a chosen face o’ a
subdivision of o’ by vertex n + 1 (equivalently we say o’ has been subdivided by vertex
n—+1).

REMARK 1. For general d, Model A may be considered as a generalisation of the afore-
mentioned NGF (see [12]) with flavour s = 0, and bounded energies. We recall that when
s =0, each face o is selected with probability proportional to e #¢ | where ¢, is the (ran-
dom) energy of face 0. Model B may be considered as a generalisation of CQNMs with
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bounded energies. However, note that for brevity, rather than “deactivating” selected faces,
we simply remove them from the complex as this does not affect any of the results regarding
degree distributions.

REMARK 2. The methods in this paper also allow us to study the case where the fitnesses
associated with a (d — 1)-face do not depend on the type, but are chosen independently from
an underlying distribution. For brevity, we omit formulating explicit results for this model.

REMARK 3. The models we introduced can be further generalised. For example, instead
of selecting a (d — 1)-face to subdivide, one may consider a setting where a face of dimension
s may be selected and subsequently subdivided, with the addition of an (s + 1)-dimensional
face.

Some more notation. Recall that for all s > 0, C; = {(x0, ..., xs) € [0, 1T i xg<--- <
xs}. For all x = (xg,...,x5) € Cg and i € {0, ...,s}, we set X; := (X0, ..., Xi—1, Xidtls -+,
xs) € Cy—1 and define the empirical measure vy = Y }_ 85 on Cs_1. For w > 0 and y € C;,
let y Uw € Cy41 denote the vector obtained by adding a coordinate equal to w to the vector
y and reordering the coordinates of this (s + 1)-dimensional vector in nondecreasing order.
For i € {0, ..., s}, we write x;. := X; U w. With this notation, when a face of type x is
subdivided by a vertex of weight w, we add to the complex d new (d — 1)-faces of respective
types x; <y fori € {0,...,d —1}. In addition, for a vector x = (xg, ..., Xj, W, Xj41...,X5) €
Cy, we denote by x \ {w} the element (xo, ..., Xx;,xj41,...,%s) € Cy_1. Foravertex vinad-
dimensional simplicial complex I, we define the star of v in ', which we denote by st, (KC),
to be the subset of K@~ consisting of those (d — 1)-faces which contain v. Finally, we write
0 and 1 for the vectors (0, ...,0) and (1, ..., 1) respectively, in any dimension.

1.2. Main results, part I: Convergence of the partition function. We will refer to the
following hypotheses throughout the text:

H1 The measure u is finitely supported, the fitness function f is positive and |IC,(1”"_1)| —

o0 as n — oo (where we recall that IC,(,d_l) is the set of all (d — 1)-faces in the random
simplicial complex /C, at time n).

H2 The process (K,),>0 evolves according to Model A and p({1}) = 0. Moreover, the
fitness function f is continuous, monotonically increasing in each argument, positive and
such that, for a random variable W with distribution pu,

1
@ E[f(low)] < (1 + E)E[f(ﬂm—w)]-

REMARK 4. We do not believe that Assumption H2, and in particular equation (2) which
ensures that the function f is not “too steep” on its domain of definition, is necessary for
our results to hold true. Our main result on the asymptotic degree distribution holds under
Assumptions (a-d) of Remark 8 below. We use Assumption H2 to show that Assumptions
(c-d) hold: this done in Propositions 1.2 and 1.3. Their proofs, in the case of p having infinite
support, rely on recent results of [38] on the convergence of infinitely-many colour Pélya
urns; more precisely, Assumption H2 ensures that the assumptions of [38], Theorem 1, hold.

The case when p has continuous support is expected to be more difficult to treat; as il-
lustrated, for example, in [17] where the Bianconi and Barabdési preferential attachment tree
with fitness is studied in both the finite support and continuous support case. Borgs et al. [17]
treat the continuous support case by coupling it with a finitely-many colour Pélya urn, but
this method does not seem to work in this case because of the added complexity introduced
by the dependencies in the model (in particular because several vertices belong to one face).
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Note that |~V | — 00 as long as d > 1 in Model B, and for all > 1 in Model A.

PROPOSITION 1.2. Assume H1 or H2, and let Y,,,n > 1 be the C;_1-valued random
variable that equals the type of the face chosen to be subdivided in the nth step. Then, Yy,
converges to a Cq_1-valued random variable Y, in distribution when n tends to infinity.

Given any sub-complex K C K, define
3) FKy= Y f(o)
oek@=-D

and note that F'(K,) = Z, (the partition function defined in (1)).

PROPOSITION 1.3. Assume H1 or H2. Then, there exists . > 0 such that, almost surely,
Z,  F(Ky)

—> A, asn— o0.
n n

REMARK 5. The distribution of the limiting random variable Y, and the value of A do
not depend on the choice of the initial complex Kp.

REMARK 6. Because under H1 or H2, the function f is bounded, we have trivial deter-
ministic bounds on Z,, = F(K,), and therefore on A: If we let

) frin=min{f(x):x €Cat} and fo = max{f(x):x €Cari}

be the minimum and the maximum respectively of the fitness function on its domain of defini-
tion, then A € [d fmin, dfmax] in Model A, whereas A € [(d — 1) fiin, (d — 1) fmax] in Model B.

REMARK 7. The monotonicity requirement and (2) in H2 may be used to cover a par-
ticular case of the NGF in [12] (namely the case with “flavour” s = 0, in which each face o
is selected with probability proportional to e #¢>, where ¢, is the energy of face o, and the
selected faces remain in the complex) by setting the weights w; = (1 — €;) where ¢; are the
energies assigned to the vertices. We therefore assume that the distribution of €; does not have
an atom at 0, the energies are bounded, and (2) is satisfied, that is, the “inverse temperature”
B satisfies 8 < ﬁlog(l + Ll—i).

Both propositions are corollaries of a more general almost sure limit theorem for the empir-
ical measure I1,,n > 0 proved in Section 3. While this result (and therefore the two propo-
sitions) follows from standard Pdlya urn theory under H1, for H2 we need to make use of
general results for measure-valued Pélya urn processes recently established in [38] to cover
the general case. See, in particular, Section 3 in this work.

1.3. The companion star process. We state our other main results in terms of a com-
panion process (S),>0. Informally, this process approximates the evolution of the star of a
fixed vertex i in (KC,),>0, assuming that i is sufficiently large (namely large enough for the
distribution of Y;, the type of the face selected by node i when it enters the network, to be
close enough to the distribution of Y,—see Proposition 1.2). Let 7, denote the distribu-
tion of the random variable Y, from Proposition 1.2. Sample a face type from a measure
o, and form a (d — 1)-simplex (on vertex set {1 —d, ..., 0}) with weights corresponding
to this type. Subdivide this face (using the mechanisms of Model A or B) by a new vertex
labelled r with weight W sampled from 1, and form the simplicial complex S consisting of
the (d — 1)-faces containing r. We call r the centre of S. Then, recursively:
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FIG. 2. The evolution of the companion process in Model B and dimension 3. A face with type selected from
oo IS formed on vertices {—2, —1, 0}, and subdivided with a vertex labelled r. Subsequently, a face is chosen
randomly and subdivided according to step (i), and then faces not containing r are deleted. Since this is Model B,
the chosen face is also removed from the complex.

(i) Select a face o from (S,f)(d_l) with probability proportional to its fitness, and subdi-
vide it by a new vertex n + 1 obeying the subdivision rules of Model A or Model B respec-
tively.

(ii) Form the simplicial complex S, | consisting only of the (d — 1)-faces containing r
(essentially this means removing all the (d — 1)-faces formed during the subdivision step not
containing r).

Figure 2 illustrates this evolution in Model B for d = 3.
A more formal construction of this process is provided in Section 3.3. We set

) F(S5):= > f(o).

oe(SH-h
1.4. Main results, part II: Convergence of the degree distribution.

THEOREM 1.4. Assume H1 or H2 and for alln > 1, k > 0, let Ny (n) denote the number
of nodes of degree k + d in the random simplicial complex IC,, at time n. Then, for all k > 0,
we have, with convergence in probability,

i 1N _r A LR .
Jim - k(n) = =: Pk,

F(SF) + 2 Eo F(SH)+ A

where the star process S* and its fitness function F are defined respectively in Section 1.3
and equation (5).

In fact, we have the more general result: suppose that N,gs)(n) denotes the number of

vertices of s-degree (?) + (‘Sl:; )k, for 1 <s < d (the s-degree of a face is the number of
distinct s-faces that contain it).

COROLLARY 1.5. Assume H1 or H2. For all k > 0, we have, independent of the initial
complex Ko, with convergence in probability,

1
lim —N® () = pr.
n

n—oo
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REMARK 8. In fact, in the proof of Theorem 1.4, we show that the conclusion of the
theorem holds if one assumes the following instead of H1 or H2:

(a) The measure u is an arbitrary probability measure on [0, c0).

(b) The fitness function f is nonnegative, symmetric, bounded and continuous.

(c) If for all n > 1, Y, is the type of face that is subdivided at time n, then (Y,),>1
converges in distribution when n — +00.

(d) There exists A > 0 such that, almost surely when n — 400, F(IC,;)/n — A.

Note that (a)—(b) above is much weaker than assuming H1 or H2 as we do in Theorem 1.4,
but H1 or H2 gives a sufficient condition for (c)—(d) above to hold (as seen in Propositions
1.2 and 1.3).

REMARK 9. Note that the boundedness of f implies that
(d+(d—Dn) fmin < F(S)) < (d+ (d — 1)n) fmax, in Model A;
(d+ (d —2)n) fmin < F(S;) < (d + (d = 2)n) fmax, in Model B,

where we recall that fiin and fiax are the minimum and the maximum of the fitness function
f (see equation (4)).

(6)

REMARK 10. Although Theorem 1.4 is about degrees of vertices, our approach is not
restricted only to the graph that underlies the simplicial complex but it can be used in order
to study degrees of higher order faces or degrees defined in terms of lower order faces. In the
latter direction is Corollary 1.5.

For an r-face o with r < d — 1, the degree of o is the number of (d — 1)-faces which
contain o. One can derive the analogue of Theorem 1.4 for the degree distribution of r-faces
by considering a star companion process for an r-face. Here, the star of an r-face will simply
consist of the (d — 1)-faces that contain it. As long as the process is such that a.s. the total
weight of the star tends to infinity, then one could derive a formula as in Theorem 1.4.

Outline of the paper. In Section 2 we discuss the connection of our main results to exist-
ing models. This will include classifying the values of d that ensure that the degree distribu-
tions follows a power law, which are consistent with analysis from [11] and [12].

Section 3 is dedicated to the study of the empirical measure I1,,, n > 0, and in particular, to
the proofs of Propositions 1.2 and 1.3. As we remarked earlier (see Remark 4), these propo-
sitions make use of the recent theory of measure-valued Pdlya processes. To our knowledge
this is the first application of this theory in the context of evolving networks.

In Section 4 we apply the results of Section 3 to prove Theorem 1.4. The proof relies on
the simple idea of keeping track of the degree of a single typical vertex. Suppose (informally)
that the partition function of the process as well as that of the star companion process were
to both evolve deterministically, and were equal to F(n) = A(n + 1) and F*(n) = A*(n + 1),
respectively. Then, the probability that the star of vertex i is subdivided precisely at times
i <i] <---<Ii; <n wouldbe

i—i—1

A\ ax 2Tl 20\ 2%
A+ J)/ Ay i Al + 7)) Adp

Jj=1 1

k—ig—1—1 * * n—ig *
A(k—l))k(k—l) ( Atk )
. | | 1— . | | l———).
( AMik—1+7)/ A ; Ak =+ J)

j=1 j=1

If i > en and the i ;s are well-spaced (as most such k-tuples are), then the above products can
be written as ratios of factorials (or Gamma functions) which, in turn, can be approximated
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with the use of Stirling’s formula. Then the argument could be completed by computing the
sum over the choices of k-tuples (by applying Lemma 4.3).

However, the difficulty is that the partition functions are not exactly of this form but only
in the limit (by Propositions 1.3 and 2.2). Nevertheless, the almost sure convergence of Z,, =
F(K,,) implies (by Egorov’s theorem) that when 7 is large, for “most” evolution paths of the
process, the partition function F(K;) is about Aj for all en < j < n. The crux of our analysis
is to replace the linear functions in the above expression by the “almost” linear functions
which occur on a typical evolution path. This is done in Sections 4.2 and 4.4, where upper
and lower bounds are obtained. We believe that the conceptual simplicity of this approach
makes it applicable to other evolving random systems.

We defer the proofs of some technical probabilistic lemmas to the Appendix, so as to not
interrupt the general flow of the paper.

2. Discussion and examples.

2.1. Constant fitness function. In the case that the fitness functions are constant, so that
f(x) = fo, we have deterministic formulas for F(S);) and 1. These cases correspond to mod-
els where the face chosen to be subdivided at time n + 1 is chosen uniformly at random
from the set K,(qd_l). Here we use the asymptotic approximation of the ratio of two gamma
functions: for fixeda e Ras t — oo

Ft+a
(7 + 0(1/1)
G )
This is a straightforward result of Stirling’s formula and will be used often throughout this
paper.
1. In Model A we have F(S}) = ((d — 1)n + d) fo, and A = d fy. Theorem 1.4 implies
that

-l @—1)j+d
(d—l)k+2 1:[ d—1)j+2d

Pk =

If d > 1, using (7)

d \p(2d
Pk=(1+ ! ) Tt 7 l)r( D
d—1)T(k+1+ 204

This is a new result. For d = 1 we obtain p; = 27%, which is an old result of Na and Rapoport
for the random recursive tree [40].
2. Model B with constant fitness function (with /Cy given by a d-simplex) is the same
as the random Apollonian network. In this case, if d > 2, F(S}) = ((d —2)n + d) fo and
= (d — 1) fo. Applying Theorem 1.4 we get,

d—1 ’i:[1 d—2)j+d
(d—-k+2d—1; 4 d=-2)j+2d -1

Pk =

Note that if d = 1, I1,(Cq—1) = | V| (Where Vj is the set of vertices of the initial complex
Ko), so Theorem 1.4 does not apply. However, in this case it is easy to see that p; = 1. In the

case d =2, we have py = 2;—21 For d > 3, using (7), we get

1\ Tk+ TGS s
Pk = < ) 2d I ~k
d—=2)T(k+1+ )F(d 5)
This is the same exponent proved in [33] and [27].
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2.2. Weighted recursive trees. The one-dimensional case in Model A and initial simpli-
cial complex given by a node, is a type of the weighted recursive tree, introduced in [18] (see
also [44] for some more general results).” In this case, the fitness of the new vertex arriving
at each time is independent of the rest of the complex, so the strong law of large numbers
implies that A in Proposition 1.3 is given by E[ f(W)]. Moreover, the simplicial complex
(S}k)jzo is a fixed vertex, so that F(S;.‘) = f(W) for all j >0, where W is the weight of the
vertex. Thus, Theorem 1.4 implies that:

PROPOSITION 2.1. Asn — +00, we have

Ny (n) Af (W)
- IE[(f(vw + Akt

], in probability.

n

This result can be improved significantly: the convergence holds in an almost sure sense
under the much weaker assumptions that u is a probability measure on [0, o0) and f : R — R
is measurable such that 0 < E[ f(W)] < oo. This strengthening uses the theory of Crump-
Mode—Jagers (C-M-J) processes introduced by Crump and Mode [23] and studied by, among
others, Jagers [28], Nerman [41] and Jagers and Nerman [29]. Here, A plays the role of the
so-called Malthusian parameter crucial to the study of C-M-J processes. We omit the details
of this proof, as they detract from the main ideas in this paper.

2.3. Tails of the distribution. In this subsection, we will require the additional assump-
tion that

®) K=" o,

Note that this assumption is satisfied as long as d > 1 in Model A and d > 2 in Model B. It
is this assumption that leads to the emergence of scale-free behaviour for d > 2 in CQNMs
observed by Bianconi and Rahmede in [11], and the scale-free behaviour for all d > 1 in
NGFs in [12]. In the case p is not finitely supported, we will require an analogue of (2). For
brevity, we define the following additional hypotheses:

H1* Assume H1 and (8) holds. ~
H2* Assume H2 and (8) holds. Moreover, for all w € Supp(), the function f; : Ci_n—
R, fi(v) = f(v U x) satisfies

E[ /. (low)] < (1 4 )E[fxwo&m].

d-1)
(We recall that 1 is the vector ofNCd_z whose coordinates are all equal to 1. There-
fore, loew = (W, 1,...,1) and fi(lo—w) equals f((x,W,1,...,1)) if x < W and
f((W,x,1,...,1)) otherwise.)

REMARK 11. Similar to H2, we do not believe that Assumption H2* is necessary for
our results to hold. We use it to apply [38], Theorem 1, in the proof of Proposition 2.2.

In order to analyse the tails of the distribution from Theorem 1.4, we require the following
proposition, similar to Proposition 1.3. In the statement of the following proposition, we allow
Sg to have a centre with a fixed weight w instead of a random weight W with distribution .
In the construction of Sg‘ , however, we still choose the face according to 7. We use P, and
E,, for probabilities and expectations, respectively with regards to this initial state.

ZNote that Model B is trivial for d = 1 as the tree is a single path.
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PROPOSITION 2.2. Assume H1* or H2*. Then, if the centre of S; has weight w €
Supp(w), there exists A, such that, IP,,-almost surely

F(S,)

n

— \*

w*

We postpone the proof of Proposition 2.2 to Section 3.3. The following proposition holds
under H1*: Under Assumption H1%, ,u has finite support and thus max{A} : w € Supp(u)}
exists and is attained at some value w* € Supp(u); we set A} . = max{A}, : w € Supp(u)}.

PROPOSITION 2.3. Assume H1*. With py as defined in Theorem 1.4, we have

A
9 liminfl >—(1 .
©) imintlog, pi = —(1+ ;)

PROOF. Suppose P(W = w*) =k (recall that under H1* p is finitely supported). Then,
by the definition of py, we have

k=l F(Sy k=l F(sy
| Py R S ) P
F(Sp) 42 ;g F(S) +2 F(SH) 42 ;g F(S) +2

Fix 8, ¢’ > 0. By Proposition 2.2 (and Egorov’s theorem), there exists ko = ko(&, §) such that
F(S))

for all k > kg
IP’w*( . <8)>1—8.

Let G5 be the associated event in the previous display. We may bound the product

]_[ko_o1 F(FS(*)lA below by a constant by applying (6). Moreover, for all k > ko, on G; 5, w

k
— Ak

have
s kl:[1 F(S)
F(SP 42 Ly F(SP + 1

AR(E L — &) + 1) "1:[1 m —¢)
k(i +e)+a kOGS, —s)+x L L0 — o) + 4
CkGE -+ Dot I'(k)

T kQE. e +a Aa—e  Tho—1) T+ 1+ )

Therefore, by applying (7), we find that there exists a constant ¢ = c(ko, 8, €, k) such that

A
1 >1 —(1 .
0gy Pk = logy c ( +)~§)* _8>
Equation (9) follows from taking limits as k — oo, and sending ¢ to 0.
Further discussion. Applying (6), it is easy to show that, whenever (8) holds,

A
—(1 + 7), in Model A;
(d _i)fmin

—(1 +————, in Model B,
(d_z)fmin

liminflog, px >
k— 00
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and likewise,

—(1 + +>, in Model A;
limsuplog; pr < (d— }L)fmax
k—o00 —(1 +————, inModel B.
(d - 2) fmax

Thus, when d > 1 in Model A and d > 2 in Model B, the degree distribution is bounded
above and below by a power law. This leads to the scale-free behaviour observed in [11] and
[12].

In general, by counting the edges in the complex in two different ways, we find that
Y ilokpr < d, so that py cannot obey a power law with a fixed exponent less than 2 (other-
wise the sum would diverge). However, we cannot deduce from these methods that the degree
distribution in each case follows a power law with a fixed exponent.

3. Convergence of the empirical distribution. The aim of this section is to prove the
following almost sure limit theorem for the empirical distribution IT,,.

THEOREM 3.1. Assume H1 or H2. Then, there exists a deterministic, positive, finite mea-
sure T on Cq—1, which does not depend on the choice of Kq such that, almost surely,

I,
— 7
n

with respect to the weak topology.

Proposition 1.3 follows from the theorem above where A = fcd_ | f)dr(x). Likewise,
Proposition 1.2 follows immediately where Yo, has law 7, defined by

Ja f(x)dm(x)
Je,_, f(x)dm(x)’

Too(A) =
for any measurable set A € Cy_1.

3.1. Hypothesis H1. To prove Theorem 3.1 assuming H1, we view the collection of faces
as balls in a generalised Polya urn process. In this set-up, one considers an urn consisting of
balls with a finite number of possible colours. A ball of colour j is sampled at random from
the urn with probability proportional to its activity a;, and replaced with a number of different
coloured balls according to a (possibly random) replacement rule. In the common set-up, the
configuration of the urn after n replacements is represented as a composition vector X, with
entries labelled by colour, and the activities of colours are encoded in an activity vector a. In
this vector, the ith entry corresponds to the number of balls with a colour i. Let (&;;) be the
matrix whose i jth component denotes the random number of balls of colour j added, if a ball
of colour i is drawn. The following is a well-known result by Athreya and Karlin, implied by
Proposition 2 in [6] and Theorem 5 of [S]. We state a version implied by a result of Janson
[30].

THEOREM 3.2 ([30]). Assume &; > —1, &; > 0 for i # j, and the matrix A;j :=
a;E[&;;] is irreducible. Moreover, denote by L\ the principal eigenvalue of A, and vy the
corresponding right-eigenvector normalised so that al vi = 1. For any nonempty initial con-
figuration of the urn, we have

Xn n—o00
— —— AV,
n

almost surely, and independently of the initial configuration of the urn.
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Note that when p is finitely supported (so that, for some integer M > 0, u =
Ziﬂil 1 (w;)dy,;) the number of possible face types in the complex is finite. We denote the (fi-

nite) set of possible face types by C 6{_1 C C4—1. Moreover, the empirical distribution of face
types corresponds to the distribution of balls in a generalised PSlya urn; where the colours
correspond to the types of the (d — 1)-faces, and the activities are the fitnesses. In each step,
we draw a ball of type x in the urn with probability proportional to its fitness f(x), choose a
weight W independently according to u, and add d new balls of respective types x; —w, for
i €{0,...,d —1}. In Model B we also remove the ball we drew from the urn.

Let X, = (X,(n)),xeC 5_1 denote the vector whose coordinate X (n) counts the number

of balls of type x in the urn after n steps. For x € Cé{_l and k € {1, ..., M}, let n,(k) be the
number of entries in x equal to wy. We call x # x” neighbours if x” can be obtained from x
by changing exactly one entry £; = £1(x, x") into £, = £>(x, x’).

In Model A, this urn has the following replacement rule:

M
Yoy (W) x=x,
k=1

Sur! = Ny (El)l{wgz(x_’x,)}(W) if x, x" are neighbours,

0 otherwise;

while in Model B the replacement rule is

M
D ()W) =1 x=x,

/] = k:l
Sxx nx () Lw, ) (W) if x, x” are neighbours,

0 otherwise.

If we define the matrix A, = f(x")E[£,/,], since f > 0 itis easy to see that A is irreducible.
Thus we may deduce Theorem 3.1 by applying Theorem 3.2.

3.2. Hypothesis H2. In order to prove Theorem 3.1 assuming H2, we show that I1,, n >
0 is a measure-valued Pélya process (MVPP), a concept recently introduced in [7] and [37].
We then apply results from [38]. Let S be a locally compact Polish space and M (S) be the
set of finite, nonnegative measures on S. Recall that M(S) is also Polish when equipped
with the Prokhorov metric (which metrises the weak topology when we view M(S) as the
dual of the space of bounded continuous functions from S to R). For a given kernel P on &
and u € M(S), we define the measure

(L ® P)() = /S Pe() du(x).

Thanks to, for example, [32], Section 4.1, (and because of the local compactness) a random
function R with values in M(S) is a random variable (that is, measurable) if and only if,
for all Borel sets B C S, R(B) is a real-valued random variable. We call a family R,,x € §
of random variables with values in M(S) a random kernel if, almost surely, x — R, is
continuous. Note that, for a random kernel R, x € S, the annealed quantity R, (-) = E[R,(-)]
is a kernel on S (and the map x — R, is continuous). We call two random kernels Ry, R,
for x € S independent if, for all x € S, the random measures Ry, R’ are independent.

DEFINITION 3.3. Let (R)(C"),x € S),>1 be a sequence of i.i.d. random kernels. The
measure-valued Pélya process with mo € M(S) satisfying mo(S) > 0, replacement kernels

(R)(C”), x € 8),>1 and nonnegative weight kernel P is the sequence of random nonnegative
measures (m,,),>o defined recursively as follows: given m,_1,n > 1:
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(1) Sample a random variable & from S according to the probability measure
(mn—l X P)()
(mp—1® P)(S)

(i) Setm, =m,_1 + Rén).

The next lemma allows us to express the empirical distribution of the (d — 1)-faces in
Model A as an MVPP.

LEMMA 3.4. Foralln>1andx € Cy_q let

d—1
R)(cn) = Z 8Xi<—Wn .
i=0

The sequence I1,,n > 0 is the MVPP with initial composition Iy, replacement kernel
(R)(Cn), x € C4—1)n>1 and weight kernel Py = f(x)8x, x € Cy_1.

PROOF. Let o be the face chosen and subdivided at step n and & be its type. By con-
struction,
d—1
M=ot + 3 8y, = a1 + R,
i=0

and, for all Borel sets B C Cy_1,
Y peictn [(©@)ow@)(B) (I, ® P)(B)
Yexan f@) T (M1 ® P)(Cam1)

P& e B|ll,-1) =

This concludes the proof.

We now state [38], Theorem 1. We will apply this theorem to the MVPP I1,,,n > 0 to
deduce Theorem 3.1. We require the following definitions. For an i.i.d. sequence of random

kernels (R)(C"), x € 8)p>1 and a weight kernel P, let R.(-) = E[R)(Cl)(-)] and
0 ()= (R™ @ P)() = /S Py()dR™(y) and
0x() = (Ry ® P)()) = fs Py() R, (y).

THEOREM 3.5 (Mailler and Villemonais [38]). Let (my)n,>0 be the MVPP on S with

initial composition mg, replacement kernel (R)(C”), x € 8)u>1 and weight kernel P. Assume
that:

Al Forallx €S, Q,(S) <1, and there exists a probability distribution 1 # 8y on [0, 00)

such that, for all x € S, the law of Q,(rl)(S ) stochastically dominates 1.

A2 The space S is compact.

A3 Denote by (X;);>0 the continuous-time Markov process defined on S U {J} absorbed
at @ with infinitesimal generator given by Oy — 8y + (1 — 0(S))8y. There exists a proba-
bility distribution v such that

Py (X: €|X: #2) > v(),

with respect to the total variation distance on Cq_1 uniformly over x € C4_1.
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A4 For all bounded and continuous functions g : S — R, the functions x >
Js8(»)dR:(y) and x — [5g(y)dQx(y) are continuous.
Then, almost surely as n — 00, m,,/n converges to v ® R with respect to the weak topology

on M(S).

PROOF OF THEOREM 3.1, ASSUMING H2. The idea of the proof is to apply Theorem 3.5
to the MVPP (I1,),,>0 (see Lemma 3.4). In this set-up, we have, for all x € C4_1,

d—1

0O =RV ®P)) =D fXicw,)8x_y, ()

i=0
and

d—1
0:()=(R:® P)() = E[Z f(xiew)axww(-)]

i=0
In order to satisfy the normalization requirements in Theorem 3.5, we consider a suitable
rescaling. We define

(10) M =d-E[f1o—w)],

and for all n > 0, set T, = I1,,/M. It is immediate (using Lemma 3.4) that (IT,),>0 is a
MVPP with weight kernel P whose replacement kernel and associated Q-kernel are given by

: R)(Cn) ) (n)
RIV=—b Q==

The corresponding annealed kernels are defined analogously by Re() = E[R)(Cl) ()] and
Q,() = E[Q)(Cl)(-)]. Note that, by monotonicity of f in all its coordinates, and symmetry,

d—1
sup E[Z f(x,@m} <d-E[f(loew)],

xeCy—1 i=0

implying that, for all x € Cg_1, Q. (Cq—1) < 1. We also have that, for all x € Cy_;, by mono-

tonicity of f

d-f®aoy d-fO) _ fO)
M d-E[ f(10<—w)] A

implying that Assumption Al of Theorem 3.5 is satisfied with 7 = §7(0)/r1). Assump-

tion A2 is immediately satisfied since Cz—1 is compact. Next, as [ 8O AR (y) =

oV (Cyo1) = >0,

Z E[g(xlew)] continuity of x fcd | g(y) dR, (y) for a bounded and continuous func-
tion. g C4—1 — R is immediate. Analogously, one can prove the statement for the Q-kernel
and establish Assumption A4 as the rescaling leaves continuity properties unaltered.

It thus remains to check that the rescaled Pélya process (IT},) >0 satisfies Assumption A3.
Let (X;);>0 be the jump-process with infinitesimal generator Oy — 8 + (1 — Oy (Cq_1)d2,
for all x € Cz—1. By definition, when X, sits at x, it jumps to & at rate

d—1

1-— ZE ficw)],

and, at. r.ate ﬁ Zid:_()] E[f (xi<w)], it jumps to a random position chosen according to the
probability distribution

Z,d ()1]E f(xu—W)fsx,ew( )]
Y ELf (xiew)]
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Thus, in total, X jumps at rate 1 at all times. In particular, discrete skeleton and jump times
of the process are independent.

To prove A3, we apply [20], Theorem 3.5 and Lemma 3.6, (where we take t; =) = 1—
note that, although this is not clear in the current version of [20], #; and #> need to be positive)
to the jump process (X;);>0. Since X is a pure jump process and satisfies the strong Markov
property, condition (FO) in [20], Theorem 3.5, is satisfied. It is therefore enough to prove that
there exist a set L C Cy—1 and a probability measure ¢ on L such that:

B1 There exist ¢; > 0 such that, for all x € L, P, (X € -) > c10(- N L), where Py (-)
denotes the probability measure associated with the Markov process X initiated by x.
B2 There exist 0 < y; < 2 such that

TLNAT

sup E[y, ]<+o0, and y, 'Py(X,€L)—> +oo whent— 400 (Vx € L),

where 174 and 77 stand for the respective hitting times of & and L.
B3 There exists ¢» > 0 such that
SUpP e, Py(t < 15)

sup - <.
t>0 lnfyeL IP)y(t <1g)

In order to prove the above, we define the partial order “ ” on Cy_; such that for x, y €
Ci—1,x yifandonlyif, foralli €{0,...,d — 1}, x; < y; (recall that the coordinates of x
and y are ordered in increasing order). We then define L = L(e) ={x € C4—1: x (1 —¢)1}.

Proof of B1: We denote by (0;);>1 the random jump-times of X. In order for these times
to be well-defined for all n > 1, we let the process jump from & to & at rate one. Fix a Borel
set B € C4—1. Then, by monotonicity and symmetry, we have

= f(0)
Py(Xo, € B) = ZJE [ i cw)p(xicw)] = ZP(xWW € B).
i=0 i=0

By the strong Markov property, we have

f(0)
P (XUZEB|XUI_x ZE z<—W IB( z<—W)] M ZP(XR—WEB)’
i=0
so that,
/ Py (Xo, € B|Xo, = x')Py (X0, € dx)
Ca—1
f(0)
> m Z P(x]_y € B)Py(Xo, € dx’)
Ca—1
f(0)
= (—> Z P((xjeW)ieW’ € B)
M <
0<i,j<d-1
for i.i.d copies W, W'. Iterating this argument, we obtain
f(0)
P, (ng €B) > ( M ) Z P((((xi()(_WO)h(_Wl) .. ')id—1<—Wd—1 S B),
i0s.rig—1€{0,...,d—1}4
where Wy, ..., Wy_ are i.i.d. random variables with law w. Let W) < W(1) <--- < Wy,

denote the order statistics of Wy, ..., Wy_1. Then, for an appropriate (random) choice of
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i(), ey id—l we have (((xi0<—W0)i1<—W1) .. ')id—1<—Wd—1 = (W(()), ey W(dfl)). Therefore

0 d
Py (Xs, € B) > <%> E[ Z 15 ((((rig—wo)iy<wy) - - ')id_1<—Wd_1)]

0 d
> <%) IP’((W(()), oo, Wa-1)) € B)'

As the probability that X jumps exactly d times before time 1 is positive and skeleton and
jump times are independent (since X always jumps with rate 1), B1 is satisfied with o being
the probability distribution induced by 11®? restricted to L in the natural way.
Proof of B2: For x € C4_1, let ny(x;) denotes the number of co-ordinates of x equal to x;.
X jumps from a position x such that x; > 1 — ¢ to a position x; ., for some v <1 — ¢ at rate
nx ()DELf (i ew)lw<i—e] _ nx()ELf (Oow)lw<i—]
= =:ny(X;)We,
M M
for all i € {0,...,d — 1} (where we have applied the symmetry and monotonicity of f).
Similarly, the walk jumps from a position x such that x; <1 — ¢ to a position x; ., for some
v>1—c¢atrate
Ny () ELF (6 w)Iws1—¢] < ny()DELf Qow)lws1—¢l
M - M
foralli € {0,...,d — 1}. Let C (X;) denote the number of coordinates of X; that are larger
than 1 — e, where we set C (@) = 0. Consider a pure jump Markov process with rates given in
Figure 3. If, for some ¢ > 0, this Markov chain has the same nonzero value as C (X;), then it
jumps upwards (resp. downwards) at a faster (resp. lower) rate than C (X;). This observation
motivates the following lemma whose proof is given in Appendix A.l. Note that 7, A T is
the first time r when C (X;) = 0.

=:ny(x;)Vs,

LEMMA 3.6. Forall sufficiently small ¢ > 0, there exists a coupling of the process X with
a realisation N° of the Markov process with jump rates given in Figure 3 and Nj = C (X()
such that, C (X;) < Nf forallt <11 A 15.

(This lemma is where we use the assumption w({1}) =0.) By Lemma 3.6, we deduce that
(11) Py (L Aty > 1) <Pc (NS #0).

Here, we use the notation [Py, £ € {0, ..., d} to indicate that the Markov process N;,t >0
is initiated at position £. Note that, since p does not contain an atom at 1, we have ¥, — 0
and @, — E[f(0g—w)]/M =: wy € (0, 1] as € — 0. Therefore, as ¢ — 0 the generator L,
of the Markov chain N¢ converges to the generator

0 0 ... 0
wy —wy 0 ... 0
0 2oy 2wy O ... 0
L= . .
0 .. 0 dwog —-dwy
(d—1)v. (d - 2)0- W
We 2. 3. (d — 1)w5 dwo.

FI1G. 3.  Jump rates of the associated Markov chain N¢.
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whose eigenvalues are 0, —@y, ..., —d@o (and thus whose spectral gap is @), and whose
stationary distribution on {0, ..., d} is given by §p as O is an absorbing state.

Since L, converges entry-wise to £ when ¢ — 0, their respective characteristic polyno-
mials converge, and thus the eigenvalues of £, converge to the eigenvalues of L. Since the
eigenvalues of £ are all distinct it follows that for ¢ sufficiently small all eigenvalues of L,
are simple. Thus, £, is diagonalisable, and may be written as £, = Vg_ng V., where D, is a
diagonal matrix consisting of the eigenvalues of L., and the rows of Vs_1 are the correspond-
ing unit-norm (left) eigenvectors. This condition allows us to apply [39], Theorem 3.1. Since,
for each ¢ > 0, the stationary distribution of N?¢ is &g, for all £ € {0, ..., d} and for all t > 0,

(12) |Po(NEf=0) — 1] < C(e)e P,

where p(¢) is the spectral gap of the generator of N, and C(&) = || Ve ool V;l loo (Where
| - lloo denotes the co-norm, i.e., maximum absolute row sum). Note that as ¢ — 0, p(g) —
wo. Moreover, using the basis of unit-norm (left) eigenvectors introduced above, we have
C(&) = [IVellooll Vi oo = € := IV lloollV " lloo» as &€ — 0, where the rows of V~! are a
basis of unit-norm (left) eigenvectors of £. Now, by equation (11) and (12), we have

(13)  Py(tp Atg >1) <Pc) (N #0) =1 —Pc (N =0) < C(e) exp(—p(e)t).

Therefore, for all y; < 1 and x € C4_1, using the fact that log y; < 0 in the second equality,

o0
Ex[yl_“m ]=1 —i—/] I[Dx(yl_um > u)du

o0 1
:1+/ Px<rL/\rgz og114 )du
1 log(ﬁ)

(13) 00 _ 1
< 1+/ Ce)u "800 4y < 400
1

as long as log(%) < p(¢e). Also note that, for all x € L,
Py(X; € L) >Py(Xo, € Lforall0 <i < N(1)),

where N (¢) is the number of jumps of X by time ¢, and

d—1

1
Px(Xoy € L) =2 D E[f(xicw)ly yer]
i=0

1 d—1
= ZE[f(xieW)lel—s]
i=0
(10) ]E[f(00<—W)1W§1—8] .
= =: Xe-
ELf(To—w)]
Since the walk jumps at rate one, we have that the number of jumps before time ¢ is Poisson

distributed with parameter 7. As skeleton and jump times are independent, it follows that, for
allx e L,

Py(X; € L) > P (X, € Lforall0 <i < N(1)) > E[x N O] = e~ 07x),

Ifl —x. < log(%), then yz_tIP)x (Xy € L) — +o00 as required. In other words, B2 is satisfied
if we can choose y; < y» < 1 such that

1 1
1 —xe < 10g<—> < log(—) < p(e).
V2 14
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As ¢ — 0, we have x. = E[f(0o—w)]/E[f (1ow)] = dwg while p(e) — @y > 1 — dwy
by equation (2). It is thus possible to choose ¢ small enough such that 1 — x, < p(e). For this
value of ¢, a choice of y; and y» is possible, which concludes the proof of B2.

Proof of B3: We require the following coupling lemma, where we adopt the convention
that g xforallx €eCy_jand @ . We defer the proof of this lemma to Appendix A.2

LEMMA 3.7. Let x,y € Cy_1 with x  y. There exist processes X, X) such that
X®) s distributed as X with respect to Py and X is distributed as X with respect to Py

satisfying that, almost surely, X ,(x) X ,(y ) forallt > 0.

Thanks to Lemma 3.7, we have that, if x y € C4_1, then
(14) Pi(t < 15) <Py(t < 15).
In particular, this implies that

inf Py(t <1p) =Po(t <13), and supPy(t <1p) =Pu_e1(t < 15).

yeL yelL
Also, since 1 € Supp(w), with positive probability, every coordinate of (X;);>¢ is at least
1 — ¢ after d jumps. If we denote this probability by k; = k1 (g), we obtain

Po(t < 1p) >Polog <t <1p) > k1Po(og <t <15/(1 —)1  X,,),

where (1 —¢)1 X, denotes the event that all coordinates of X, are at least 1 — &. Next,
observe that forall r <1,
Pa—ent<te) _ 1 _ e
Po(t <ty) el
since the probability the process has not jumped by time 7 is e ~'. Now, by equation (14) and
the strong Markov property, for Lebesgue almostall 0 <u <1 <1,

Po(t <t5|(1 — &)1 Xy, 00 =u) :EO[PXW(I —u<1x)|(1—e1 Xg,04=u]

>Paen(t —u <15) 2 Pu_e1(t < 19).
Thus, for ¢ > 1, since jump times and skeleton are independent

Po(r < 15) > k1Polog <1<t <15|(1 — &)1 X,,)

1
2/(1/ IP’()(Z‘ <15|(1 —e)l ng,adzu)P()(GdeuKl —e)1 Xad)
0

1
=K1/O Po(t < tol(1 —e)1  Xo,, 00 =u)Po(oq € du)

=k1Po(0q < DP—e)1(t —u < 172) = K1Po(0d < DP1—e)1(t —u < 7).

Thus, if we set Pg(oy < 1) := k2, taking co = max {ﬁ, e} completes the proof.

3.3. The star process. In the remainder of this section, we revisit the companion Markov
process (S)),>0 defined in Section 1.3. We wish to apply the same theory of Pélya processes
to study the distribution of (d — 1)-faces in (S)),>0. Note, however, that by definition, in
this process every face contains the central vertex of Sj. Therefore, if the central vertex has
weight x, we may view the empirical distribution of (d — 1)-faces as a measure on Cq_»,
which represents the weights of the other vertices in the (d — 1)-faces in S;;.

Thus, we can interpret the evolving empirical measure as a homogeneous Markov process
(Sp)n>0 on C" :=1[0, 00) x M(C4—2) (recall that M (C4_7) is the space of nonnegative, finite
measures on Cj_p).

Given S,, = (x, v) € C’ for some n > 0:
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(i) Setc* = fcd_2 f((x,y))dv(y) and sample z € C4_> according to the distribution ad-
mitting density f((x, y))/c* with respect to v.

(i) Let W be a random variable with distribution ;& which is independent of the past of
the process. Then, set

d-2
<x, vty (Szi(_W), in Model A,
Sp+1 = Zﬁg
(x, VE Y Sew— sz), in Model B.
i=0
For a completely rigorous definition, we also set S, 11 = S, if the measure component of S,
is the zero measure and step (i) cannot be executed. We write Pfx’,}), E?x,v) for probabilities
and expectations, respectively with respect to this process when the initial state Sy satisfies
So = (x, v). Note that this implies that the first component of S, remains equal to x for all
n > 0. Let us write S,, for the measure component of S,,. Then, provided that Sy is a nontrivial
sum of Dirac measures, we have

(d—1n+So(Cq—2), inModel A,

S, (Cy_n) =
(Ca2) {(d —2)n +So(Cy—2), in Model B.

Upon identifying faces with their types, we may consider st; (K,) as a C’-valued random
variable by separating the weight of vertex i from the remaining vertices. Let 7o =i and,
for n > 1, let 7, be the nth time, the randomly chosen face in the construction of (/Cy,)m=>0
contains vertex i. Formally, letting o, denote the face chosen and subdivided in step n, we
have

T, :=inf{m > 1,1 :i €0y}, n>1.

It is easy to see that 7, < oo almost surely for all » > 1. Indeed, under either Hypothesis
HI or H2, we have Z, = F(Ky) < fmax(n + KD, and if 14— <n < 5, F(st:(K)) >
Jmin(d — 1)(k — 1). Therefore, (analogous to proof of the Borel-Cantelli lemma) one can
bound the probability

- in(d — D)(k — 1
P(ty = oo|t4_1 = N) < H <1 _ Jmin ( : )((dil) ))
j=N+1 Smax(J + |IC() )]
_yo© o _fmin@=D&=D
e 2N+ Fmax KD _o:

El

and the result follows by induction on k.
Furthermore, the sequence of random variables

(Wi > 5w<a>\{wi})

oest; (Kq,) nz

is equal in distribution to Sy, n > 0 with respect to IP’Z"X vy when the configuration (x, v) is

chosen with respect to the law of (Wi, 3, e, (ic;) O (0)\ (Wi ))-
Let ¢ : [0, 00) x Cy—1 — C' = [0, 00) x M(C4—2) be the map

d—1
(15) p(w,x) = (w, Zagi),
i=0

where we recall that for all x € Cy_1, X; € C4_» is the vector x from which we have removed
the ith coordinate. We also let v : [0, 00) x C4—2» — C4—1 be such that

(16) Y(w,x)=wUx,
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where we recall that w U x is obtained by adding a coordinate equal to w to the vector x, and
reordering the coordinates of the obtained vector in nondecreasing order. For (w, v) € C’, we
define the fitness

(17) F(w,v)= g S Ay (6w ® V),
d—1
where ¥, (8, ® v) is the pushforward of §,, ® v under ¥ (in other words, ¥, (8,, ® v) is the
distribution of ¥ (w, X) where X € C4_5 is a v-distributed random variable). Note that, when
So is chosen according to the law of (W, Ys), we have (F(S,))n=0 = (F(S}))n>0 in distri-
bution. Moreover, for any x € Supp(u), assuming H1* or H2*, Theorem 3.1 implies almost
sure convergence of the rescaled measure valued process (%Sn);wo on Cy_p to a positive
limiting measure depending on x. Thus, we get the following:

THEOREM 3.8. Assume H1* or H2* and recall the definition of  in equation (16), and
that S, denotes the measure-valued component of the star process S, € C'. Then, for any
x € Supp(u), there exists a positive measure my on Cq—1, such that, for any positive nonzero
measure v € M(Cq—_3), we have

1
- (8, ®S,) — m;, IP’?‘X v)-almost surely as n — 00,
n ,

with respect to the weak topology.

F(Sn)

n Ci-1

By continuity and boundedness of f, this implies that
— A= f)dmi(y) >0, P, ,-almostsurely when n — oo.

This yields Proposition 2.2 by setting the initial state to be So = ¢(w, Yo), Where Yo, is
defined in Proposition 1.2 and ¢ in equation (15).

4. The degree profile. In this section, we determine the degree profile associated with
the sequence of simplicial complexes (K,),>0. Throughout this section we assume that the
conclusion of Theorem 3.1 holds, and that f : [0, 114 = (0, 00) is continuous and symmetric.
Recall that fiax = sup{f(x) : x € C4_1}.

Let r* be the distribution of the random variable (W, Y,), where W and Y, are indepen-
dent, W is p-distributed and Y, is as in Proposition 1.2. We prove the following equivalent
of Theorem 1.4 the only difference in the two statements comes from the fact that we now
use the notation of the previous section; in particular the process S with initial distribution
7* is equal in distribution to the process S$* from Theorem 1.4:

THEOREM 4.1. Denote by Ni(n) the (random) number of vertices of degree d + k in
K. For all k > 0, we have, in probability,

1 A L Fes
lim —Ni(n) = Ex. I1 (Se) _——
n—o00 F(Si) +n 4 F(Se) + 4

with A as in Proposition 1.3.

Note that (px)k>0 is a probability distribution on the set of nonnegative integers. Indeed,
given F(So), F(S1),... consider a sequence of independent events, where, for i > 0, the
ith event occurs with probability A/(F (S;) 4+ A). Then, the integrand is the probability that
the kth event is the first to occur. (The fact that, almost surely, some event in the sequence
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occurs follows from boundedness of f, which implies that F(S¢) grows at most linearly.) The
probability distribution (px)k>0 may thus be regarded as a generalised geometric distribution.

The proof of Theorem 4.1 consists of two steps. First, we show convergence of the corre-
sponding mean, and then we study the variance of Ni(n) to show convergence in probability
by an application of Chebychev’s inequality.

To prove convergence of the mean, it is convenient to consider only vertices that arrive after
a certain time nn where n > 0 is a small constant; this allows us to work in the asymptotic
regime of the sequence of simplicial complexes. Hence, let N ,:7 (n) be the number of vertices
of degree k + d in /C,, which arrived after time nn. Obviously,

N/ (n) < Ni(n) < nn+ N} (n),

and therefore,

lim limsup — |]E[Nk(n)] E[N/(n)]| =
n—>0 n—o0
Most of this section is thus devoted to proving that, for all £k > 0,
lim lim ]E[Nk (n)] =

n—0n—>00 p

Let c?,,(i ) be the number of vertices which are neighbors of node i and arrived after node i.
By construction, we have that

(18) ENJm]= Y P(du(i)=k).
nn<i<n—k
Henceforth, we use the simplified notation 7 = {iy, ..., ix} for a collection of natural num-

bersi <ij <--- <ir <n.Let & (Zy) denote the event that i ~ £ for all £ € Z; and i ~ £ for
all £ ¢ 7y with £ € {i + 1, ..., n}. We have

(19) Pd,()=k)= > PE@),

Ike({iﬂl,c...,n})

where (““;{”"“) denotes the set of all subsets of {i +1, ..., n} of size k. (For k = 0, the sum
consists only of the term Zyp = @.)

Proof overview. The proof now consists of three steps. First, we provide sufficient upper
and lower bounds for ]P’(c;f,, (i) = k) using the fact that, for i > nn, with high probability,
for all i < j < n, the partition function Z; is concentrated around A j—see Proposition 1.3.
On the event of concentration, we can estimate the probability that insertions in the star of
vertex i or its complement occur. Second, we use Proposition 1.2 to incorporate the stationary
distribution of the Markov chain Y, when passing to the limit as n — oo. Third, we apply
a probabilistic argument to evaluate the sums in (18) and (19). In the following section, we
state the necessary tools to work out the second and third step. The corresponding proofs are
deferred to the Appendix in order not to disrupt the flow of the main arguments.

The main part of the work involves exploiting the concentration of the partition function
to derive upper and lower bounds on (a variant of) P(&; (Zy)) and are proved in Sections 4.2
and 4.4, respectively. Note that the proof of the upper bound in Section 4.2 is significantly
less technical, as we can “drop” the event of concentration from probability computations.

We recommend the reader to study this case first. Second moment calculations which al-
low one to deduce stochastic convergence from convergence of the mean in Theorem 4.1 are
presented in Section 4.3 and follow the arguments developed in Section 4.2 closely. The proof
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of the lower bound in Section 4.4 requires additional work, due, in part, to the “migration” of
faces into the complement on the event of an insertion into the star of vertex i (see Figure 2).
We deal with this technical challenge by bounding the total number of “descendants” of a
small number of faces by the sum of geometrically distributed random variables with suffi-
ciently small success probability (Lemmas 4.15 and 4.16). The rest of the proof then involves
some lengthy computations to control error terms.

4.1. Technical lemmas. This subsection is dedicated to the statements of some technical
lemmas that will be important in the sequel. We defer the proofs of these lemmas to the
Appendix.

4.1.1. A continuity statement for the star Markov chain. The following result concerns
continuity of the k-step transition kernel of the star Markov chain with respect to its starting
point. Recall that the function F is defined in equation (3), and the process (S;),>0 has been
defined in Section 3.3.

PROPOSITION 4.2. Letk >0, w € [0,00) and x, x1, x2, ... € Cg_1 with x,, — x. Then,
in the sense of weak convergence on |0, oo)k"'l, we have, as n — 00,

2wy (F(S0), F(SD). ..., F(S0) € ) = By oy (F(S0), F(SD. ..., F(Sp) €).

4.1.2. Evaluating sums. For all o, ..., >0,and 0 <n < 1, let

=t TG )

nn<ip<--<ixr<n£=0

LEMMA 4.3.  Uniformly in ag, ...,or > 0,0 <n <1/2, asymptotically in n we have

i _gajloght! (n))

1
(e, ...,0,n) = 1_[—+9(77)+0( 1/(k+2)+ n

Here, 0(n) is a term satisfying |0 ()| < Mn'/**2) for some universal constant M depending
only on k.

This lemma is proved in Section A.4. An immediate corollary is the following.

COROLLARY 4.4. For ag,...,0, Bo, ..., Bx—1 =0, 0 <n < 1/2, asymprotically in n
we have

k—1

% 2 2 g((izl)w ' iefe— 1)(%{)‘”

nn<z§nIk€({z+ll,€...,n})

1 k]:[I i o+ 0(—eey
Tt gt /2 )
Here, 0'(n) is a term satisfying 10’'(n)| < M'n"/* 2 for some constant M’ depend-
ing only on k and Po, ..., Bx—1, and the constant in the big O-term may depend on
o0, - -y e, PO, - - Pr—1-
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4.2. Convergence of the mean: Bounds from above. The aim of this section is to prove
that

(20) lim limsupE[ N, (n)]/n < px.

n—0 n—oo

Recall that we write I, = ZGEK’gd—l) dw(o) for the empirical distribution of the weights of
all (d — 1)-faces in the complex after the nth step. We also define the partition function
associated with IC,, by Z, = fcdil f(x)dIl,(x). For ¢ > 0 and n > 0 and natural numbers
N1 < Np, we let

N>
(21 Ge(n) ={|Zy — An| <ein} and Go(N1,N2)= [ Ge(n).
n=~Ni

Moreover, for n > 1, we denote by G, the o-field generated by (K¢, Wy), 1 < £ < n contain-
ing all information about the process up to time 7.

By Proposition 1.3 (and Egorov’s theorem), for any 8, & > 0, there exists N' = N'(§, ¢)
such that, for all n > N’, P(G.(N’,n)) > 1 — 8. Therefore, for all n > N'/n, we have

B[N¢ (0] < B[N )1g, v ] +n(1 = P(Ge(N', n)))
(22) < > Y. PE@) NG, ) +dn.

nn<i<n Ike({i-i—ll,c..‘,n})

Finally, for x > 0 and @ € R, we set a4+, := «(1 £ x). The following proposition gives an
upper bound on the summands in the right-hand side of equation (22). For simplicity, we
subsequently write

23) mmw=ﬁw Z:5wmm060=mﬂﬂxMWmﬂ

oest; (Ky)

when considering the C’-valued random variable associated with the star around vertex i at
step n.

.PROPOSITION 4.5. Let0<e,n<1/2. Asn — oo, uniformly innn <i <n —k, Iy €
({'HI’C'“’"}) and the choice of €, we have

P(&: (Zk) N Ge (i, n))

1 i \FOO/he k2l j NFSO/he  F(S))
(o)™ )™ ]
+1 o= \E+1 —ele+1

Applying Corollary 4.4 to this, we will deduce the following upper bound.

COROLLARY 4.6. Let0 < 4,¢e,n<1/2. Then, there exists N = N (8, €, n) such that, for
alln > N,

E[N] 1+e)f A OOFGS
E[Ne (] <1+ 3)(i> E:. te (Se) Tl A Y 3
n l—¢ F(Si) + e o F(So) +Aye

where the constant C may depend on k, f and p but not on n and not on the choices of 8, €,
n. In particular, equation (20) is satisfied.
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To prove Proposition 4.5, let 0 < &, n < 1/2. For nn <i <n and 7 € ({’Hl’('"’”}), set
ig:=1i,ix+1:=n+1.Then, for je{i+1,...,n},let

{i~J), ifjely,

andD; =D:NG.(}).
{i = j}, otherwise, J i NGe(J)

(24) D, = {

where G, (j) is defined as in equatiqn (21).

For simplicity, we write D; and D for the indicator random variables 1p; and lﬁj respec-
tively. Note that & (Zy) N Ge(i,n) = ;?:i D . To estimate the probability of this event, we
shall decompose the indices j € {i, ..., n} into groups {i¢,...,i¢+1 — 1} for £ € {0, ..., k}.
More precisely, we define

n
(25) Xg:IE[ I Dj|GiZ}Dl~e, e{0,... k).
J=ie+l1

To prove Proposition 4.5, we need to estimate E[Xo] = P(ﬂ?:i D i)
From the tower property of conditional expectation, it follows that

igy1—1
(26) XZ:IE[ I1 Dng+1|G,-li|D,-l, 0ef0,....k—1},
j=ie+l

which suggests a backwards recursive approach. We need more notation: for § € C' =
[0, 00) x M(Cy_2) and £ € {0, ..., k}, we let

igp1—1
F(S)

@7) n= ] (1= ).

j=ig+1 +8(.] - )
where F is as defined in (17), and set

F(S
(28) St =hix and fe(5)=#hz(5), 0<l=<k-—1.
A—g(ig+1 — 1)

For the sake of presentation, we do not indicate that the definitions of the D i» Xeos hey fo
depend on Zj and ¢.

LEMMA 4.7. Fort €{0,...,k}, and hy as defined in equation (27), we have

i1 -1
(29) IE[ [ D; Gie}fhg(sti(lC,-[)).

J=ig+l1

Recall that, by definition, st; (KC;,) € C’ (see equation (23)) and thus &, (st; (1C;,)) is well
defined.

PROOF. First note that for all £ € {1, ..., k}, by the tower property,

fg1-1 r ie41-2 7
E|: 1_[ Dj'Giz:| =E E[Diz+1—1|Gie+1—2] 1_[ D; Gi,
J=i+1 L j=ig+1 i

igr1—2 .
<E|E[Di,, 116,21 [] Djle,
L Jj=ie+1 n
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where we have used the fact that, by definition, D i =D NG:(j) and thus D i < Dj (recall
that the latter denote the indicators of the events D j and D; respectively). If g1 — 1 ¢ Iy
we have that

F(Sti (]Cie+1—2))

Zig—2

E[Die+1—1 IGi[Jr]—Z] = ]P)(Dig+1—1 |Gi[+1—2) =1-

where we recall that F(st; (K;,,,—2)) is the sum of the fitnesses of the faces in the complex
that contains node i at time iy — 2 (see equation (3)). Thus,

igr1—1 ig+1—2
~ F(st;(KC;,,,— -
E[ I Dj|Gie}§E{<l_ (sZ( e 2))) jGiz]

j=ig+1 fe41—2 j=ig+1
F(st; (K 12
§<1_ (sti ( ,m) [l_[ Blas |
Ayelios it

where we recall that, by definition, A, = A(1 +¢) and F(st; (K;,,,—2)) = F(st;(K;,)). In the
last inequality, we have used the fact that on the event ﬁi —2-wehave Z;, 0 < Aye(ig+1—
2). Iterating the argument shows the claim.

We now use the above lemma to derive an almost-sure upper bound for X,.

PROPOSITION 4.8. For £ €{0,...,k}, and f; as defined in equation (28), we have

k
X < E:ti(jcig) |:l_[ fi (Sj—(i):|ng

j=t

In particular,

k
E[Xo] <E|: st; (ic)[l_[ fj(Sj):|:|-

=0

PROOF. We proceed by backwards induction. For £ = k, the statement is identical to the
one in Lemma 4.7. Now, assume the claim holds for some 1 < £ < k. Using equation (26)
and the induction hypothesis in the second inequality, we get

ig—1
Xﬂ—l =K 1_[ D X€|Gl[ 1:| ig—1
Lj=i¢— 1+1

(30)

ip—1
l( 1:| 1_[ D Gle 1:|Dlz 1

J=ig—1+1

cefefme {15 0]o

The event D;, = {i; ~ i} indicates that an insertion has been made into st; (X;,—1). Therefore,
conditionally on G;,—1, on the event D;,, the sequence (S, ..., Sk—¢) initiated by st; (K;,) is
equal in distribution to (S1, ..., Sk—¢+1) initiated by st; (C;,—1). Thus,

k
E[E:tl(lclg) |:1_[ f] (Sj—ﬁ):|Dl Gi(—l]
j=t

k
€1y =P(D;,Gi,—1)Eg; «, _1)[1_[ fj(Sj€+1)i|
it
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F(St, (]Cle 1))
Z;

Est,(lCll 1)|:1_[ fj (Sj Z+1):|

On the other hand, on the events Z_Dj, Jelie=1+1,...,ig — 1}, we have st;(K;,—1) =
st; (KCi,_,), and thus F(st; (KC;,—1)) = F(st;(K;,_,)). Combining (30) and (31) and the fact

that on f),-z_l, Zi,—1 > A_g(i¢g — 1) in the first inequality, we obtain

. F(So) 1 o
XE—] SESti(’Cil_l) m l_[fj(S/ Z—}—l) 1—[ D Gll 1 Dlz 1

Jj=ig—1+1

lg—

29) F(Sy) & -
< E:ti(’ciz_l)[m Efj(sj—€+1)i|h€—l(5ti (Ki,_D)Di, ,

ZE:ti(ICiZI)|: 1_[ fj(S] Z+1)i| ig—1°*

Jj=0—1
This concludes the induction argument, and thus the proof.

The following elementary lemma is an easy consequence of Stirling’s approximation (us-
ing equation (7)), so we state it without proof.

LEMMA 4.9. Let §,C > 0. Then, as m — oo, uniformly over Sm <a <b and 0 < f <

C, we have
T0-559)=() (+0(3)

The statement of Proposition 4.5 follows immediately from Proposition 4.8 and Lem-
ma 4.9.

PROOF OF COROLLARY 4.6. In view of the statement of Proposition 4.5, it remains to
replace st; (IC;) by its distributional limit ¢ (W, Y~ ) and to evaluate the sum over the possible
values of i,iy,...,i;. We start with the first task and show that, for any 0 < 8, ¢,n < 1/2,

there exists N = N (8, n) such that, forall nn <i <n —k, I € ({l + l’k' ) .,n}) andn > N,

we have

P(&: (Zk) N Ge (i, n))
(32)

[+1

i )F(Sk)/Ms kl( i )F(Se)/Ms F(Sp) :|

1+ &OE: | — .
= {0+ Ok [(z heelier =)

Note that the statement of the corollary immediately follows from this identity and Corol-
lary 4.4. To verify the last statement, let 77,* be the law of st, (k) considered as C’-valued
random variable, that is, ¢(W,, Y,) (see equation (15) for the definition of ¢). Thanks to
Proposition 4.5, it is sufficient to prove that, uniformly in nn <i <i; <i» <--- <iy <n and
g€ (0,1/2],asn — o0

; F(S)/Are k=1, F(S¢)/Ave
l l
| () TI(:%) F(S0)
! Lk+1 =0 N1

; F(S)/Ae k=1, F(S¢)/Mte
- Ej;[(— ”‘ ) 11 <_ Le ) F(Sg)] 50
Tk+1 =0 \He+1

(33)
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To this end, we prove the following stronger statement: uniformly in n < xg, ..., x; <1 and
the choice of ¢, as n — o0,

k—1 k—1
;kr;: |:x:(Sk)/)\+s . 1_[ -ng(Sl)/)urgF(Se)j| . ;kr* |:xlf(sk)/)\+s . 1—[ -x@F(SZ)/)urSF(Sﬁ)i| — 0.
=0 =0

By continuity of ¢, Propositions 1.2 and 4.2, we have P7.((F(So),..., F(S)) € -) —
P ((F(S0), ..., F(Sk)) € -) weakly. Note that, for all 0 < an k, F(S¢) < C, where C =
(d + 1)(k 4+ 1) fmax (recall that finax is the maximum of the fitness function f). For all
n<x0,...,x <1and 0 <e < 1/2, the function J(yy, ..., yx) = x,fk/A” : ]_[lg;(l)xgyw”“yg

defined on [0, C]¥*! satisfies

(34) IVJI < ey :=C(1 —logn/h)
uniformly in x, ..., xg, €. For any two probability distributions v and v" on [0, C L let
d(v,v') = sup /gdv - /gdv/ where

(35) geF
Fi={g:[0,CI"' 5 R|Vx,y [0, CI ! |g(x) — g(0)| <ayllix — I}

It is well known that d(v,, v) — 0 if and only if v, — u weakly (see e.g., Example 19,
page 74 [42]). This concludes the proof of (33) and of the corollary.

4.3. Stochastic convergence: Second moment calculations. By counting the number of
unordered pairs of vertices with degree d + k, arguments similar to those applied in Sec-
tion 4.2 allow us to compute asymptotically the second moment of N ,:’ (n) (recall this is the
number of vertices of degree k + d in K, that arrived after time nn). Note that

E[(N]m)]= Y. P(du()) =k.du(j) =k).

nn<i,j<n

We prove that

E[(N{m)*] _

36 lim li .
(36) im lim sup 2 <Dk

n—0 n—oo
This shows that lim,—, oo E[(N ,? (n))?] / n?= p,% which is sufficient to deduce the convergence
in probability stated in Theorem 4.1 from convergence of the mean by a standard application
of Chebychev’s inequality.

Recall that we use the notation Z; = {iy, ..., ix} for a collection of natural numbers i <
i1 <--- <ix <n. Similarly, we write Jr = {j1, ..., ji} for a collection of natural numbers
such that j < j; <--- < jr <n. As before, we let & (Z;) denote the eventi ~ £ fori < £ <n
if and only if £ € Z; and define the event £;(Jx) analogously for j, ji, ..., jk.

With these definitions, we have

(37) E[(N](m)*] = YD PE@) NE(T),

nn<i,j<nZy,Jk

fix 0 <6, & < 1/2 and choose N’ such that for all n > N', P(G.(N’,n)) > 1 — 4.
Note that, on & (Zyx) N E;(Ti), if Ix N Ji # @ we either have i = jori~ j. If i =]
then Z; = J%, and the contribution of these terms to the right-hand side of (37) is at most
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E[N,:](n)] < n. On the event {c?,,(i) =k} we have F(st;(K¢)) < (k+ 1)dfmax foralli +1 <
¢ < n. Therefore, for nn <i < j <n, we have
P({dn (i) =k} N {du (j) =k} N {j ~ i} N Geli, )

(k + 1) dfimax

<P~ GG j = Dodjm@) <k) < = —

It follows that, for all n sufficiently large (depending on §, ¢ and 1),
E[(Mm)]<2 Y Y PE@)NEWITI NG, m) +8n + Cn/n,

nn<i<j<nLiNTx=92

for a constant C > 0 which is independent of n, §, & and n. The following proposition is the
analogue of Proposition 4.5.

PROPOSITION 4.10. Let0 < e, n<1/2. As n — oo, uniformly innn <i < j <n —k,

Iy € ({i+1]’€""”}) and Jy € ({Hl];'”’"}) with Ty N Jx = @ and the choice of &, we have

P& (Zi) N Ej(Tk) N Ge(iy n))

1 i\ FOO/ e K2l NFSO/hte F(S))
(o)) G
( n WD \n G he (o1 — 1)

£=0

o ( jk>F<sk>/x+g kl;[l ( je )F(Sz)/)”rs F(Se)
XES eq | — : - S (i 1l
ED| n r—0 \JO+1 Ae(es1 =1

The proof of this proposition is completely analogous to the proof of Proposition 4.5 and
relies on a backward induction argument and an application of Lemma 4.9. We omit the
details as no new arguments are necessary at this point.

We move on to show the following analogue of (32): for any 0 < §, €, n < 1/2, there exists
N = N (6, n) such that, foralln > N, nn <i < j <n — k and disjoint sets Zj, Jx, we have

P& (Ti) N E;(Tk) N Ge (i, n)
CFS) e k=1, N (SO hke
(38) 5(1+5)( n[(%) ‘ +.H(’_ﬁ> *&}
=0

lg+1 Ae(igr1 — 1)

CE-. (j_k)F(Sk)/Ma ’i_f( je )F(Sz)/Ms F(Sp) .
g n =0 j€+1 )‘«—S(jK-H - 1)

The details are very similar to the approach in Section 4.2, and we only give the necessary
additional results entering the proof.

PROPOSITION 4.11. As n,m — oo with n # m, we have (Y, Y,) > (Yo, Yéo), in dis-
tribution, for independent random variables Yoo, Y. both distributed according to w*.

PROOF. This follows easily from Theorem 3.1. Let g1, g2 : C4—1 — R be bounded and
continuous and Y, Y/ be independent realisations of *. We have

Elg1(Y)g2(Ym)] —E[g1(Yoo)82(YL)]]
(39) < |E[g1(Y)g2(Yn)] — E[g1(Ya) |E[g2(Y5)]]
+ [E[g1(Y)]E[g2(Ya0)] — E[g1(Yao)g2(Y5)]I-
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Since Yoo, Y., are independent, the second term on the right-hand side is equal to

(40) E[g2(Yoo)]| - [E[1(Y)] — E[g1(Yoo)]|.

As n — 00, (40) converges to zero by Theorem 3.1. For n < m, we have E[g(Y,)g2(Yn)] =
Elg1(Y)E[g2(Y) | Gn—1]]. Hence, the first term on the right-hand side of (39) is bounded
from above by

41) g1l - E[|E[g2(Ym) | Gn—1] — E[g2(Ys0)]|]-
Write v, for the law of Y, given G,,_1, that is, for all measurable A C C4_1,

Ja £ ) dIy—1(x)
Je, , FG)ATn_1(x)

By Theorem 3.1, we have, almost surely, v,, — 7* weakly. Thus, E[g2(Y;,) | Gu—1] —
E[g2(Yx)]. Hence, by the dominated convergence theorem, (41) converges to zero as
m — oo. This concludes the proof for n, m — oo with n < m and the case n > m can be
treated analogously.

v (A) =

In the remainder, we write P7*, and ET*, with x, x" € C’ for probabilities and ex-

pectations, respectively, involving a pair of mdependent copies of the star Markov chain
(So, S¢), (81,87, ..., where Sp = x and Sy =x'.

PROPOSITION 4.12.  Letk >0, w,w’ > 0and x,x", x1, x|, x2, X5, ... € Cq—1 with x, —
x and x/ — x'. Then, in the sense of weak convergence on [0, oo)2k+2, we have, as n — 00,

P ) 0w ! )((F(So), F(Sy), F(S1), F(S]), ..., F(SK), F(S)) €-)

= Pyt ).p . (F(S0), F(So). F(SD. F(S1)..... F(S). F(S;)) € ).

PROOF. This follows from the independence of the two star processes involved and
Proposition 4.2.

Using Propositions 4.11 and 4.12, the continuity of ¢, and an argument analogous to the
proof of Corollary 4.6 (using a probability metric similar to (35)), equation (38) follows upon

verifying the following: For any n < x, x(’), .o Xk, X, < 1and 0 < & < 1/2, with the function
k—1
500303k = g Ty (e TT oy
=0 =0
defined on [0, C1*7*2, we have that |VJ’|| is bounded uniformly in xo, ..., xx, Xy ees X

and e. This follows from the fact that J’ factorizes, ||J’|| < C?¥, and equation (34) (inside the
proof of Corollary 4.6).
Now, when evaluating the sum over nn < i # j < n and disjoint Z; € (U+h-") 7, €

k
({f Hk }) in (38), since the summands are nonnegative, and we are looking for an upper

bound, we may remove the conditions i # j and Zy N J; = &. But Corollary 4.4 shows that,
uniformly in & and 7,

Sy [< >F(Sk)/)~+s.kl:[l<.l'_€)F(S€)/)\+sA ;«?(S@) }

nn<l j<ﬂIk Jk =0 lZ+1 78(l£+1 - 1)

. (j_k)F(Sk)/Ms kl:[l< je )F(Sz)/Mg F(Sy)
T l\n 1o Nt A—g(jes1— 1)
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2k k—1 2
- <1 +8> E*, Aie I F(Sy) 4O (n /D) L ok,
1—¢ F(Sy) + Aye =0 F(S¢) +Aye

for some universal constant C’ > 0. From here, identity (36) follows easily as in Section 4.2.

4.4. Convergence of the mean: Bounds from below. In this section, we prove that, for all
k>0,
E[N,
(42) fim Tim inf 2k @D

n—0 n—>00 Pk

where we recall that N,? (n) is the number of vertices of degree k + d in C,, that arrived
after time nn, and pg is defined in Theorem 4.1. To do this, we need further notation. First,
let C be the set of all finite d-dimensional simplicial complexes with integer vertices. To
add weights, let C*¥ = C x [0, oo)Z, where, for t = (¢, x) € C¥, x;,i € Z keeps track of the
weight assigned to the vertex i. (If no such vertex exists, simply set x; = 0.) We then consider
KC,y as a C*-valued random variable incorporating vertex weights. For a simplicial complex
KeC,letK\;:={0 € K:i ¢ o} be the sub-complex obtained from K, when we remove the
faces which contain vertex i. (Set K\; := K if i ¢ K.) When applied to the random dynamical
process, we write KC;\; for (K,)\;. Let

(43) Moi= Y. bSweo) and Zy;= @)

d—-1) d—1
(relCn\i

be the empirical measure of the types of active faces in K;\; and the corresponding partition
function, respectively. Note that ICf,d_l) = IC,(K,._]) U st; (), where the union is disjoint and
therefore Z,, = Z,\; + F (st; (K,)).

To prove a suitable lower bound on the probability that vertex i receives edges at certain
times, we need to control Z,\; throughout the process. It is reasonable to expect Z,\; to
behave similar to Z,,. To this end, forall e >0,n>i>1and m > 1, we let

(44) G () =1{1Zu; — rnl <ern} and  Ge(n;m) = {|Z, — Am| < erm)}.

(Note the difference between the notation G, (n; m) and the notation for concentration along
an interval G¢ (N1, N2) defined in Section 4.2.)
Forl <i<n,I; € ({’HI’{"""}) and j =i,...,n, welet

(45) p(j)€{0,...,k} besuchthati,) <j=<ipj+1—1

(Recall that we use the conventions ig =i and iz =n + 1.)

As opposed to the arguments in Section 4.2, the inductive proof in this section requires
us to modify the value of ¢ in different intervals {ig,...,i¢+1 — 1},£ =0, ..., k. We thus
need more notation. First, for a fixed ¢ > 0, and £ € {0, ..., k} we set g¢ := (1 + £)e (we
apply this notation only to the symbol ¢, to avoid confusion with subscripts). Next, for j €
{i +1,...,n}, recalling the events D; from (24), and gél)(j), Ge(i;1) from (44), we set
(46) Dj(e)=D; NG (j) and Dj(e) = Ge(isi).

€p(j)

Similar to before, we write D (¢g) :=1p i(e) and D j(e):= 1751_ ) With this notation, we have

47) EN/m]= > > P(ﬂ@j(g))
Jj=i

nn<i<n Ike({i+1],<...,n})

We then have the following analogue of Proposition 4.5.
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PROPOSITION 4.13. Let 0 < 8,&,n < 1/2. There exists a constant C' > 0, N =
N(@,¢e,n) and 0 < o <1 such that, foralln > N,

E[N/(n)] > — C'én

. F(Sk)
(48) +o(l1=8)- > > E[E;"t’,(,@)[(l—k> o
n})

- - lk+1
nn<i<n {i+1,...,
Zke( 2
k=1, . FSp
1—[( Ly >)‘—8[ F(Sﬁ)
1o Nie+1 Mgy (i1 — 1)

where o depends only on €, n and, for any fixed 0 <n <1/2, we have o — 1 as ¢ — 0.

Similar arguments leading from Proposition 4.5 to Corollary 4.6 then give the following
result.

COROLLARY 4.14. Let 0 < 4,¢e,n <1/2. Then, there exists N = N (6, &, n) and a uni-
versal constant C > 0 not depending on any of these parameters, such that, for alln > N,

B[N (0] _ (1_5)(1‘8k)k.1@* [ = I A1)
o ¢ T+e) | FGSO+Ag AL F(S) + s,

_ C(nl/(k+2) + 1/n1/(k+2)) _ 8,

where @ is as in the Proposition 4.13. In particular, equation (42) holds.

We now define analogues of 4, and f; from equations (27) and (28) in Section 4.2 (here,
however, it is necessary to indicate the dependence of these functions on ¢). For S € C’ and
£e{0,... .k}, let

ig+1—1
F(S)
(49) he(s) = (1 - 7)
‘ J.ZEIH he (= 1)

and, for £ € {0, ...,k — 1},

F(S)
F(S) + Ay Gt — D)

We follow the arguments from the proof of the upper bound (see Section 4.2) and show
analogues of Lemma 4.7 and Proposition 4.8. To this end, we need to make use of the more
general framework introduced at the beginning of this subsection: we write P, (-), E, () for
probabilities and expectations respectively, when the initial weighted configuration is equal to
x = (¢, z) with ¢ € C, z € [0, 00)Z. (Here, if m € Z is the maximum vertex label occuring in
¢, then the vertex inserted in step i of the process carries label m +i.) Then, for a real-valued
function g depending on the path of the process and u(x) = E,[g((/C;)n=0)], we use the
slightly inaccurate but standard notation Ex[g((X,),>0)] for u(X) and a random variable X
which is typically defined in terms of KC,;, n > 0. Probabilities [P and expectations [E appearing
in the following without subscript are with respect to the initial process with given K.

Proving analogues of Lemma 4.7 and Proposition 4.8 becomes more intricate since we
can no longer drop the concentration conditions relying on the events G (j) as we did in Sec-
tion 4.2. Nevertheless, upon ignoring the dependency structure of the evolution of the process

(50) f(S) = he(S) while £ =ht.
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in the star of vertex i and outside, we still expect (at least morally) to bound ]P’(ﬂ;?:i D i) from
below by a term similar to

n—k k
(51) E{Eic,-\i[ [1 195,,(,.)<j—i;j+p(j>>}E’s'1,-<zc,-)[l_[ f‘i(Sj)ﬂ-
j=i+1 Jj=0

The two main hurdles to prove such a lower bound are the following: first, while the process
outside the star of vertex i follows the Markovian transition rule, there is a subtle dependence
between the star and its complement as the addition of faces to the star adds faces to its
complement. More formally, on D;,, we have K;,\; # K, —1)\;- The reason is that when a
face in st; (K;,—1) is subdivided during step i, one of the faces that are created does not
contain vertex i and therefore migrates into K;,\; (see Figure 2). Second, in order to exploit
the concentration of the partition function Z; for j > i > nn, an argument is needed to replace
Px;,; by Px;. In order to overcome these difficulties, we use the following two lemmas, whose
proofs we delay to the end of the section.

LEMMA 4.15. Foranyé$,e > 0,0 <n < 1, there exists N = N (6, &, ) such that, for all
n>N,nn<i<n—k,we have

E[Pm\,( N ge(j—i;j)ﬂzl—a.

j=i+1

LEMMA 4.16. Foranyeq, 2,63 >0,0<n) <1and Cy, Cy > 0, there exists N depend-
ing on these six quantities, such that the following is satisfied for all n > N: for any weighted
simplicial complexes X,) € C" such that:

() |XUDAYU=D] < €1, where XD AYETD = (xW=D\ Yby y (YU
=Dy,
(ii) any vertex contained in a face in X=D N Y= has the same weight in both com-
plexes;
(iii) each face in X9~V AY@=D has at most fitness Co in the complex it belongs to;
(iv) F(X) > e1u for some nin < u <n (wWhere we recall that F (X)) is the sum of fitnesses
of faces in X),

we have, for any u < m < n, that

PX( N gsz(j—u;n)znmy( N ggz/z(j—u;j)>—83-

Intuitively, Lemma 4.15 states that, for the process initiated by X;\;, the partition function
remains concentrated with high probability at each of the n — i steps after the arrival of
vertex i. Lemma 4.16 states that any sufficiently large (linear in n) simplicial complexes X
and ), which differ by at most a constant number of faces, have partition functions that evolve
in a similar manner. This is due to the fact that the contribution of the descendants of faces in
X AY may be bounded by the sum of geometrically distributed random variables with small
success parameter, and is thus negligible.

For brevity, for all £ € {0, ..., k} and ¢ > 0, recalling the definition of p(j) in (45), we
define

n—(k—2)
Ge@)= [ Gepy (i —iej+p()—0) and
(52) J=ig+l

Ol((/C, 8) = ]P’)C(Gg(s)), KeCv.
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Thus, in ¢ (KCj)\;, €) the term Qgp(j) (j —i¢; j + p(j) — £) represents concentration of Z;_;,
(initiated with KC;,\;) around A(j + p(j) — £). When p(j) increases, the values of ¢,;) and
Jj + p(j) — £ change to account for the additional “step” that has occurred in the underlying
process without a step occurring in the process initiated with IC;,\;. Lemma 4.16 has the
following corollary which justifies this notation, showing that the migration of the additional
face into KC;,\; at the step iy is insignificant.

COROLLARY 4.17. Forany 0 <n,8,&’ < 1, there exists N = N (8, &', n) such that the
following holds for alln > N: forall 0 <e <1/2k +2),L€{l,....,k} and nn <i <i| <

- < ix < n,on the event gé?(ig), with og as defined in (52), we have

(53) ar(Kipi, &) = ae(Ki—ni, &' /4 + 1)) — 8.

PROOF. For sufficiently large n (depending on &’ and n), we clearly have that, for all
KeCv”

n—(k—0)
a(K, &) EPK( () Gaeyali =i j))

=g+
and
n—(k—0)
(54) PIC( () Gaeys(i —ics j)) > (K, &' /4(k +1)).
Jj=ie+1

Note that, on gé? (i¢), we have Z;,\; > Aig/2. Hence, Lemma 4.16 applied with &1 = A/2,
e =3¢,/4, 83 =3, u=ig,nm=1,Y=Ki-n &=~Kipi, Cr=d+1, Ca = fmax shows
that, on the event gé;) (ie),

n—(k—2) n—(k—2)
(55) ]P)IC,‘[\,’ ( ﬂ g382/4(] - lZ§ ])) = PK([@*I)\[ < ﬂ g3eé/8(] - lﬁ; J)) -4

j=ig+1 j=ig+1
for n sufficiently large (depending on &, ¢, ). Equations (54) and (55) together imply equa-
tion (53).

Once we have Corollary 4.17, the arguments to prove the lower bound are similar to the
upper bound, however, the details are more technical. The following lemma is the analogue
of Lemma 4.7.

LEMMA 4.18. Forany 0,8,n <1 and 0 <& < 1/(2k + 2) there exists N = N (3, ¢, 1),
such that, foralln > N and nn <i <ij <--- <ix <n, with hj as defined in (49), we have

(56) IP( () Dje)

Gik)l_)ik (&) > (o (Ki—1)\i» 8/ (4(k + 1)) — 8)hi (st; (Ki,)) Dy, (e)

Jj=ir+1
and, forallt € {1, ...,k —1},
Mie+1—1
E l_[ Dj(&)agt1(Kgy o —1\is €) Gig:|Dig (&)
Lj—ig+1

> (e (K—yir (k4 1)) — 8)hi (st (Ki,)) Di, (8),  while,

ii—1
E| [ Dj@ai(Ki - e) Gi:|Di(<9)ZOlO(ICi\ivS)hg(Sti(’Ci))Di(g)-
Lj=it1




DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 2895

PROOF. We write D ;j for D j (&) throughout the proof. We have

n n—1
E|: ]_[ Dj|Giki| :E[E[Dnlen—l] j Gik:|
Jj=ir+1 Jj=ir+1

F(Sti(K:n— )) n—1 _
:E|:<1 — Zil)lp’c(n—l)\i (gsk(l,n)) l_[ Dj'Gik:|,

n-l j=ixt]

(57

because, by definition (see (44)), G, (1; n) = {|Z1 — An| < exAn}. First note that, on the event
ﬂj it Dj, we have, forany j =iy +1,...,n—1, F(st;(K})) = F(st;(K;,)). On the event
D; we have

_ F(sti(Kp—) -1 F(st; (KC;;))

(58) > .
Zj Ag ]

Furthermore, by the tower property, we may substitute

E[PK(n,U\,‘ (g&‘k (17 n))Dn—l |Gn—2] for ]P)K(n,l)\[ (gsk (17 n))Dl’l—l

inside the conditional expectation, and together with (57) and (58), this gives

F(st; (Kiy))
> (1 - m)E[E[PK(n D\ (g‘gk(l n) ntlGn- 2 j=ip+1 i|

We also have
E[P’C(n—l)\i (gek (19 n))Dn—l |Gn—2]

(60) _ (1  F(st(Kn2))

P B (G (i = 1) 01 Gy 20).

Thus, using equations (59) and (60) in the first inequality, and (58) in the second,

n -_
i o]
J=ir+1

y (1 B F(stiuc,-k)))
U=

F ; ’Cn_ n—2 _
xE[(l _ M)Pm_w (Ge (31— 1) NG 23 ) } G,-k]
J=ir+1

Zn—
. (1 B F(sti(lC,-k))>(1 B F(Sti(lcik))>
Ag(n—1) Mg (n =2)

n—2
X E[PIC(n_z)\i (G, (1;n = 1) NG (25 1)) j Gik:|-
J=ir+1

Iterating this process leads to ]P’(ﬂ?:ikJrl @j (8)|Gik)bik (&) = o (Kjp\i, )DL (st; (lClk))l_),-k.
Equation (53) from Corollary 4.17 concludes the proof of equation (56) as D; L, S0 (l)(zk).
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We use the same ideas to prove the general case, for £ € {0, ...,k — 1}. Here, we want
ipt1—1
J=igt+l B
1,...,ig41 — 1, we have F(st;(K;)) = F(st; (K;,). Thus, on the event D;, we have

_ FGt(K)) . F(st; (K;,))
Zj o Ag .

to provide a lower bound to E[ay41 (K, —1)\i» &) [1 Dj |G;, ]. First, for any j =iy +

(61) 1

Second, using the tower property, we substitute
(62) E[ote1(K iy y—10\i» ) Diyy=11Gip, —2]  for ate1 (Kiy =1\ €) Diy -1
inside the conditional expectation. Third,

E[ote1(Kiyoy—10\i» ) Digy -11Gipy 2]

. <1 _ F(Sti(lcim_l—Z)))
B z

igy1—2
63 )
©2 X PIC(ig+1—2)\i (g«?é(l; ig+1— 1)
n—(k—0—1)
NN Gepiy (J —ier1+1; j+ p(j) — € — 1)).
J=ier1+1
So we write:

ig41—1
E |:O‘€+1(Ic(iz+1—1)\i’ e 1 Dj ‘Gu}
J=ietl

igy1—2
(62) - _
= E|E[@e+1 (K -10\is €)Digyy-11Gi,, 2] [ Dj Gizi|

L J=ie+1

- =2
& (1_ F(sti(ICiHI—z)))”ﬁ 2y
Ziy -2 i—i ’

J=ig+1

X PRy i (gsz(l; igr1—1)

n—(k—€—1)
N () Gepy(—ies1 + 15+ p(j)— € — 1))
J=iey1+l1

G}

Now, the lower bound of (61) yields:

igy1—1
E|:0[Z+l(lc(ig+1—l)\i’8) H D; Gi(:|
J=iet+1

F(st; (KCi,))
1 N 2
= ( ey lirgr — 2))

n—(k—¢) ie1-2
XE|:]P)/C(1'[+12)\,'< ﬂ g&,,(j)(.j_i€+l +2’J+p(J)_£)> l_[ Dj Gi@i|-

J=ier1—1 j=ig+1
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By the tower property again, we substitute

n—(k—12)
E[ Kiig- 2)\:( (N Gepy  —ier1 +2:j + p(j) = ))Diz+1—2)Gie+1—3:|
J=i1—1
64
64 n—(k—0)
for]P’;C(,.Mz)\i( () Gepy (U —ies1 +2: J"‘P(J)_g)) igp1—2-
J=ier1—1
Also,
n—(k—20)
E[ Kigy1- 2)\z( ﬂ Qe,,(,)( —ier1 +2 J+P(J)_Z)> fo41— Z)Glm 3}
J=ig1—1
F(st; (K, —
(65) :(1_ ( l( 141 3)))
Zigy-3

n—(k—2)
’C(’[+1 3)\,( m gsp(J)( i£+1 + 3a .] + P(]) - £)>

J=ier1—2

Bounding the first factor as in (61), and combining equations (64) and (65) give

ig+1—1
E[aul(ﬁ(ml—l)\iﬁ) I1 Dﬂ%}
J=i¢+1
- (1_ F(st; (K;,)) )(1_ F(st; (KCi,)) )
- Aeg,(lg+1—2) A—g,(ig+1 —3)

n—(k—0) ie41-3
X E[P’C(i€+l—3)\i< ﬂ ggp(j)(j —igr1+3;j+pQj) —Z)) 1_[ Dj)Gig:|-

J=ier1—2 j=ig+1

Iterating the argument shows that the right-hand side multiplied by Di( is bounded from
below by o (KC;,\i» £)Nj (st; (KCi,)) Di,. We conclude the proof by appying equation (53) from
Corollary 4.17.

LEMMA 4.19. Forany 6 >0,0<n <1 and 0 <& < 1/Q2k + 2), there exists N =
N (6, e, n) such that, foralln > N, L e {l,...,k}and nn <i < iy <---<ik§n,withfj. as
defined in (50) we have

min(ig41,n)

k
E|:05£+1(’C(ig+1—1)\i,8)E>:ti()cil+l)|: I1 fj'(Sj—é—l):| I Dj(g))Gig:|Dig(8)
(66) =041 j=ipt1

> (e (K —1ynir 8/ (4(k + 1)) — S)EG, («, )[H (8- e)}Dzz (e),

where we use the convention oy1(-) = 1, while

k
E [011 (Ki—ni» ©)EG, i) [H fj‘(Sj—e—l):| Gi:| D;(g)
i=1

j=i+l

k
> a0 (i, 8)E:t,- K |:1_[ fj' (Sj):| D;(¢).

J=0
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PROOF. Equation (66) coincides with the statement of Lemma 4.18 for £ = k. Let 0 <
¢ <k —1.Note that, forall 1 <i <n, we have |Z,\; — Zy—1)\i| < (d + 1) fmax. Thus, for all
n sufficiently large (depending on € and ), we have

(67) Dippy NG Gies1 — 1) S G (igs1).

Using this observation in the second step, we deduce

k Lo+1
E|:a€+1(lc(ig+11)\1'»5)E:ti(}cil+l)|: I1 fj'(Sj—IZ—l):| jGig:|Dz
j=t+1

J=ig+1

k
ZE[E[DMHESt Ky, 1)|: 1_[ fj(Sj_e_l)])Gi“'_l}

j=t+1

ig1—=1 _
X o1 (Kigy —1\is 7|Gi¢ |Dig
J=ie+1

Gml—l]

©7) Lo
> E|E| D E, «, it [T f5Sj—e-0
j=t+1

g1 -1 _
X 1 (Kigy —1\is j Giz:|Di2'
J=ig+l

Recall that (analogous to in the proof of Proposition 4.8), conditionally on G;,,,—1, on the
event D;, 1, the random variable st; (KC;,_,) is distributed as Sy for the star Markov process

starting at st; (K;,,, —1). This yields:
k
E|:Die+1E>skt,-(lC,-(+l)|: 1_[ fj(Sj—Z—l):| Gil+1—1i|
j=t+1
k
=PDip;Giy1-1) 'E:ti(/Ciz+11)|: H fj' (SJ'J):|

j=t+1

F(st;(Kipy=1) .. k
:Z—M'ESti(’Cié+l_l)|: 1_[ fj(SJ_g)]

igp1—1 j=t+1
We deduce that
k lev1 B
E|:WE+1(IC(ig+1—1)\ia8)E:ti(jci[+l)|: H fj‘(Sj—E—l)i| jGi@:|ng
j=t+1 j=ig+1

F (st (K;,)) el
> [#Esm >[ [T - Z):|O[Z+1(IC(U£+1 mi®) [1 Dy[6, | D

i+1—-1 =041 j=ig+1

But on the event associated with D;,,, we have

F(st; (IC;,)) - F(st; (IC;,))
Z; T F(s(Kiy)) + Age, (g1 — 1)

ig+1—1
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So the previous inequality continues as follows:
F(st; (Ky,))
F(st;(Ki,)) + Aye,(igr1 — 1)

igy1—1
ES i) [ [T f5s- e)} |:O‘5+1(K(iz+1—1)\i’ jGiz:|Diz'

j=t+1 j=ig+1

We bound the last term from below using Lemma 4.18:

ig+1—1
E[aul(’C(qu)\i’S) [1 Dj)Gu}Diz
J=ie+1
> (e (Kii—10\i» &/ (4t + 1)) = 8)hi (st (Ki,)) Dy,
By (50), we have

F(Sti (Kle))
F(st;(Ki))) + Aye,(igr1 + 1)

k
By ki) [H fi'(SJ—E)}
j=t

so the claim follows.

hz(Sti(’Cw) st (K )|: 1_[ f(S] K):|

i=0+1

The lemma allows us to bound P(ﬂ;!:i 11 D ;) from below by a term similar to (51) using a
backward induction argument which is of the same nature as the proof of Proposition 4.8. This
result needs to be prepared with the following definition. For 0 < e <1/(2k+2),0<n <1
and C > 0, set

y(e,n, C) = y(e, n, C)FE+D/2,
(68)
Pee.n €)= (1 —ePCee™, €=1,....k,

Note that these terms decrease as € or C increase.

LEMMA 4.20. ForO<e <1/(2k+2),0 <n < 1and C > 0 there exists N = N(e,n, C)
such that, foralln > N,qn <i <ij <---<iy<nand0<é& <e

f(S) > ye(e, m, C)f?(S) forall S € C' with F(S) <C.

PROOF. Recalling that A ¢, = A(1 4 &¢) we deduce that

F(S) - F(S)
F() 4+ Aqe (g1 =1 (1+e)(F(S) + Aligr1 — D)
F(S)
> (1 —e0)

F(S) +alig+1 = 1)

(This statement requires no bounds on F(S) or i¢.) Hence, it is sufficient to prove that h7(S) >

n2cee/ )‘h?(S ) for sufficiently large n. By Lemma 4.9, we have

=) el
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where the O-term can be chosen uniformly in ¢, ig, ig41 and S for given n and C. Note that
h7 (S) increases as & decreases. Therefore, it is enough to prove that foreach £ € {0, ..., k+1}

O\ F(S)/A_e L\ F(S)/A
<.l( ) / l>nzcel/}h(.lg ) /
Ig+1 Le+1

for all § with F(S) < C. This follows easily from the bound on F, the fact that ¢ < 1/(2k+2)

(so that for each £ 1/(1 — &) <?2) and each ratio satisfies n < l;ﬁ o< 1

PROPOSITION 4.21. For § >0, 0 <n <1 and 0 < e < 1/Q2k + 2), there exists
N = N(@,¢&,n) > 0 such that, for all n > N and nn <i <iy <--- <ix <n, with yy =
ve(e,n, (d+ 1)k +1) fmax) and y =y (e, 0, (d + 1) (k + 1) fmax), we have,

IP’( N @(e))
j=i+1

(69) >J/E|:010( e/ (4 + D) FHES, (K)[nf (S; )} i(e/ 4(k+1))k+1)}

_5215[ n Dj(®)EL k., )[1‘[fiﬁjﬁ‘j”“(s,-)}bi(s)]

=1 j=i+1

PROOF. By Lemma 4.18, we have

n _ n _ ik _
IP’( N Dj(e)> = E[P( N Dj(s)IG,-k> I1 Dj(s)}
j=i+1 J=ix+1 j=i+1
(56) e
2B oK/ D)ES g (50 TT 500

j=i+1

i
(SIE[ Saep S0l T1 [)J-(g)]

j=itl
In order to apply Lemma 4.19 again in the first term, we may replace D i(e) by D,- (e/(4(k +
1))). Moreover, by Lemma 4.20 and as F(S¢) < (d 4+ 1)(k + 1) fmax for £ € {0, ..., k}, we
may replace f (Sp) by ykfi/ @k+1)) (Sp) for sufficiently large n. Hence, applying Lemma 4.19

again after this step, we deduce that the first term in the last display is bounded from below
by

]/kE|:0(k I(K(lk D\ 8/16)Estl(lc 1 [fé‘/(4(k+1))(5 )fs/(4(k+1))(s )]

k-

]‘[ i(e/(40k + 1)))}

ik—1
_SVkE[EStI(K )[fi/_(éll(k-s—l))(So)fi/(4(k+l))(Sl)] [ Dj(s/(4(k+1)))].
j=itl
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We now iterate these steps until the main term contains «. In particular, with the leading
term, at the (£ 4 1)th step we get an expression of the form

4(k+1)*
E[ak—z(lc(ikl—l)\i’g/(4(k+ D) HES i, N[H i (S/)}

o T1 Byle/ack + m}

j=i+1

l
> (1_[ yk—j>E|:ak—(e+1)(K(ik—(£+l)_1)\i’ e/(4(k + 1))
j=0

{41 /(41! U=+ £+
*
j=0 j=i+1

£ £+1 ot Le—(e41) _
- 6(1‘[ yk_j)E[E:ti(,cik_(e+l)){ e (S;)} [T Dje/(4k+ 1))”1)]-
j=0 j=0 j=i+l
Now, thanks to monotonicity, when we iterate this expression, we may do the follow-
ing replacements in the procedure. First, for the term not involving &, any factors of type
ve(e',n, (d+1)(k+1) fmax) With 0 < &’ < & may be bounded from below by . Thus, at the
(€ 4 1)th step, we multiply a product of y Hl to the co-efficient of the main term, leading to

4(k+1))k
£ o j/( (k+1)) (S;), we
may replace /(4(k + 1)) by ¢ to get a lower bound. This leads to the first term in the state-
ment of the proposition. Next, in the error term involving 8, we bound each y, from above

k+1
by 1, and bound each of the factors of the form fg/ (4(k+1)) from above by fiér(j(kzr R . This
gives us the error term as stated in equation (69)

the co-efficient y as defined in (68). Moreover in the final product H

We are finally ready to prove Proposition 4.13. Recalling (47), we bound E[N, ,:7 (n)] from
below by summing the lower bound stated in Proposition 4.21 over nn <i <i; <--- <
ix <n. We start with the error term. Upon dropping the indicator variables D j(¢) and bound-
ing fj- from above by f; defined in equation (28) (in Section 4.2), the absolute value of the
error term is bounded from above by

k
(70) 5 ) > ]E|:E;kti(lci)|:l_[ fJ'(SJ')H-
n})

nn<i<nIke({i+1],(..., j=0

From the proof of Corollary 4.6 in Section 4.2, we know that the double sum converges after
rescaling by n. Hence, there exist C; > 0 and a natural number N both depending on &, 7,
such that, for all n > N, (70) is bounded from above by Cén.

To treat the main term, assume for now that there exists a constant Cy = C» (¢, ) > 0 such
that, for all nn <i <n, we have

k
D > Ehw [H fj'(S./)} <Cs.
) =0

We shall use the following inequality: for a nonnegative random variable X satisfying X < C,
for some C > 0, and indicator random variables I, I we have

E[X] <E[XN L]+ C(E[l - L]+ E[l - L]).
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Thanks to this inequality, the main term in the lower bound from Proposition 4.21 summed
overi <ij <--- <iy <n (for fixed nn < i <n) can be bounded from below by

5 ]

(72) Ike({i-i-ll,c...,

-eonfi- sl 1o ()

Let 8’ > 0. Thanks to Lemma 4.15 and the fact that P(g(/(4(k+1))k+1

uniformly in nn < i < n, there exists a natural number N = N(§’, €, n) > 0 such that, for all
n > N, the absolute value of the second term in (72) is bounded from above by Cy 8" < C»48’.
Collecting all bounds and using Lemma 4.9 concludes the proof of equation (48) upon setting
0 = y. (Note that we may remove the additional F(S;) in the denominator of f;(S;) in the
final statement as F'(S;) is bounded by (k + 1)(d + 1) finax.)

Therefore, it remains to establish the existence of C; satisfying (71). To this end, we shall
bound fE from above by f; (as defined in equation (28)). Note that if i > 2, the 1 < l
Thus, by applying Stirling’s formula and recalling that F(Sy) < (d + 1)(k + 1) fmax for all
£e{0,...,k}, we have

Z ]_[f](S)

(i)) > lasn— o0

(Sp) F(Sk)

o), 2, TG )"

i<ij<--<ix<n£=0

k—1
< 2l P8O (1 +0 (1))
A_el n

| F(Sp41) F(S)

Y n((le+1) 'A_g(ieil—l))cknl)m’

nn<ig<--<ig—1<n£=0

where the O-term depends only on 7. From Corollary 4.4 (applied with k — 1 instead of k) it
follows that the right-hand side is uniformly bounded for any ¢ and 7.
We conclude the section with the proofs of Lemmas 4.15 and 4.16.

PROOF OF LEMMA 4.15. Leti € Nand X € C¥ contain a vertex with label i and at most
d active faces containing i, where each (d — 1)-face containing i has fitness at most fiyax. In
the random dynamical process K;, j > O initiated with complex X, at time j > 1, to each face

o€ ICE-d_l) , We can associate a unique ancestral (d — 1)-dimensional face in X'. (Formally, the
ancestral face of a face in &’ is the face itself. The ancestral face of any other face o is defined
recursively as the ancestral face of the face which was subdivided when o was formed.) Let
Kjyi € K; be the subcomplex of faces of K'; whose ancestral face does not lie in st; (&X).
Note that K y; € K;\; and that this inclusion is typically strict due to migration of faces to the
outside of the star at times of insertion in the star. For j > 1, let ¢; be jth time the face chosen
in the construction of the simplicial complex has its ancestral face in &\;. Set go = 0. Note
that ¢; > j and that ¢; — j is nondecreasing in j. The crucial observation is that the sequence
K¢, yi» j = 0under Py is distributed as the sequence Kj, j > O under Px;; (upon disregarding
vertex labels which are irrelevant here). Formally, this follows from K,y = &\; under Py
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and the fact that ngj yi» J = 0is Markovian with the same transition rule as K;, j > 0. For an
integer K > 0, on the event ¢, < £ 4+ K and for any initial configuration X as described at
the beginning of the proof, we have |F(Ky) — F (K¢, i)| < (2d + 1)K fmax. Hence, for all n
sufficiently large (depending on ¢, n and K),

E[ l\,( M Ge(—i: mﬂ
Jj=i+1

n
>E P/@-( () {IF(Kg, i) — Aj| < 8/\J}> '1|gn_,»—<n—i>|51<}
i j=i+l

B n+K
>E IPDIC[< m gs/Z(] i J)>:| [PIC,(|§n i (n_i)| >K)]

j=i+1

o0
=0 Ichi( N Qa/z(j)>] —E[Px; (|sn—i — (n — )| > K)].
L j=i+l1
By Proposition 1.3, for all n sufficiently large, the first term in the last display is at least
1 —6/2 for all nn < i < n. Further, we can choose K large enough, such that the absolute
value of the second term is bounded from above by §/2 for all nn < i < n and all n sufficiently
large. To see this, note that P, (|¢, — n| > K) is the probability that the number of faces with
ancestral face in st; (x) chosen to be subdivided up to time n exceeds K. Let 1 <t1) <1 <
- be the instances, when such faces are chosen. Then, the sought after quantity equals
P, (tx <n). Note that tx can be bounded from below stochastically by X| + --- + Xg for
independent summands, where X, follows the geometric distribution with success parameter

min((d + 1)€fmax/F (x), 1), which implies that E[X + - + Xx]> F(x) z%55—. Thus,

if F(x) > Ann/2, then, for a given &’ > 0, for any K large enough (depending on n), and
all n sufficiently large (depending on ¢’, n and K) we have P,(tx <n) <¢' forall n > 1.
This follows from a straightforward application of Chebychev’s inequality, whose details we
omit. The fact that F(K;) > Ann/2 (since i > nn) with high probability for sufficiently large
n (depending on 1) concludes the proof of the lemma.

PROOF OF LEMMA 4.16. The proof is very similar to the previous. Let Kj,x be the
sub-complex of K; of faces whose ancestral face lies in X'. For j > 1, let g be the jth time

a face with ancestral face in X’ is subdivided. Set §0 = 0. As before, we have g > j and

gj — J is nondecreasing. Define K}y and g analogously. Thanks to (ii), under Py, the
sequence Y 1y’ j > 0is distributed as K Xy j = 0under Py, Thus, it is enough to show

that, under the conditions (i)—(iv), for sufﬁc1ently large n, we have

m( N g&(j—u,j))—sg/zs%( M {|F(K§jx_uw)—xj|<3ezj/2})

j=u+1 j=u+1
and

Px< N AIFKx ) =4l < 3821/2}) < PX( M Goer (G — 1 j)) +e3/2.

]:u—|—1 ]=M+1

We only show the second statement, as the first can be proved by similar arguments. Note
that, for any natural number K, we have

IP’X( N {|F(Kgﬁuiy) — Al < 352,\1'/2})

j=u+1
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K m
52}%((}Hnnqiy—xﬂ<%ﬁy1§;=n—u+m)
p=0 j=u+1 !

+Px(sy, — (n—uw)| = K).
On g,?)_u =n—u+p,0=<p <K, we have, using (i) and (iii),
FUCy |3) = FKj)
<K@+ fiax + F(X"DAYID) < K(d +1) finax + C1Ca.

(Here, F(X@=D AY@=D) denotes the sum of all fitneses of faces in X @~V AY@=1D ) Thus,
for all n sufficiently large (depending on 7, &7 and K), we can bound the right-hand side of
the last display from above by

K m+p
ZPX( ) Goe(G—u, DO =n—u +p}> +Px(lsps, — (0 =D = K)
p=0 j=u+1

SPX< m gZEz(.]_u7]))+]P)X(|§y%j_u_(n_u)|zK)
Jj=u+1

Now, the same arguments relying on a stochastic bound involving sums of independent ge-
ometric random variables used in the previous proof show that the second summand can be
made smaller than e3/2 for sufficiently large (but fixed) K and all n sufficiently large (de-
pending on 7, €1, €3, C1 and C,). Here, one uses (iv) and the fact that F(X(d_l)AJ/(d_l)) <
C1C; to bound the success probabilities of the geometric random variables suitably.

APPENDIX

A.1. Proof of Lemma 3.6. For brevity, we omit the superscript ¢ when referring to the
process N¢, and in the notation of other parameters depending on ¢.

Let & > 0 be small enough such that & > ¥ (this is possible because @ does not contain
an atom at 1). Then, iz + (d —i)9 <1fori e{l,...,d}.Let0; =1 —iw — (d —i)V,i €
{0, ..., d}. The Markov chain N has the following dynamics: jump times are exponentially
distributed with unit mean while the skeleton process performs a random walk on {0, ..., d}
according to the following rules: the process is absorbed at 0 and, given that its current state
isi €{l,...,d},itmoves toi + 1 with probability (d —i)?¥ and to i — 1 with probability i,
while it remains at i with probability 6;.

We construct the process N from a realisation of X. First, we use the jump times o,,,n > 1
of the X-process for the jump times of N. We define N, by induction, starting with Ny, =
C (X4,), where 0 :=0. Let n > 1 and suppose X,, , =x and C (X,, ,) = (recalling that
C(@)=0).1f0<j < N,,_,,then choose N, arbitrarily obeying the dynamics of the random
walk (e.g., by using additional external randomness). If N, , =0, set N,, = 0. Finally,
assume that N, |, =j > 0. Let

ST _ d_X:l_J Elf&iew)lws1—¢l

M

<d-Jjv,
0

i=

T Bl Giew)lwai—el
ZJo

M

i=d—j
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Let A be an event that has probability jo /s € [0, 1] which is independent of the past of the
process given X, _,.> Let

E={X,,=2}U({C(X,,) =C(X,, ,) — 1} NA)U{C(X,,)=C(Xs, )}
We first define N (o,,) on E€ as follows: we set

v | No+1 on{C(Xg) =C(Xo, ) +1},
7" |Ns,_, =1 on{C(X,,)=C(Xs, ) —1}N{X,, #2}NA.

Provided that Ny, € {Ny, ,, No,_, + 1} on E, this guarantees that C (X,,) < N, . Finally,
we ensure that the coupling respects the dynamics of the process N by using additional
randomness where required. For example, we can proceed as follows: let B be an event that
has probability ((d —j)® —s1)/(1 —s' — jor) which is independent of the past of the process
given X,, , (note that the denominator in the last expression is the probability of the event
E given X, , =x). Then, set N;, = N,;, , +1on BN E and N;, = N5, , on BN E. By
construction, we have C (X;) < N; forall t < 17 A 1.

A.2. Proof of Lemma 3.7. First note that since both X*) and X©) jump at rate one, we
can couple them so that they jump at the same times, which we denote by (0;);en. At the first
jump, for any measurable set A C Cy_1 we should have

d—1

]P)( (x) S A Z E f(-xl<—W)1A(-xl<—W)]
i=0
d—1

P(XY) € A) Z E[fQiew)1aQiew)],
i=0

and both processes jump to {&} with probability equal to the remaining mass. We can inter-
pret these measures as sums of d + 1 measures given by (ﬁE[f(xieW)(SxieW () Do<i<d—1
and ¢(x)85(-), where c(x) := 1 — Y9V E[f (x; cw)1/M, for X®; similarly for X©). On
Figure 4, we draw the unit interval vertically and divide it in sub-intervals of respective
lengths E[ f(yi—w)]/M. On each of these intervals, we draw, from bottom to top as i in-
creases fromQtod — 1,

F&uvs b+ /[0 ]f<x,-ev)du(v)/M(resp. F us b+ f[o ]f<y,~ev>du<v>/M)
,u ,u

in orange (resp. purple), where fori € {0, ...,d — 1}, b; = ZS;IO E[f(yj<w)]/M. Note that,
by monotonicity of f, both Fl.(x) and Fi(y ) are nondecreasing, and since x  y, Fl.(x) < Fl.(y )
pointwise.

Now, consider a uniformly distributed random variable U on [0, 1]. If U lands in the top-
most interval (i.e., if U > Zf OIE [fiew)]), then we set X(x) X((,yl') = @. If U lands in

the ith interval (numbered from the bottom of the picture), we consider two cases:

e If U lands into the orange part of the ith interval (see left-hand side of Figure 4), we

(x) o
set Xg)f = xi<—(Fi(X))—1(U) and X5 = yi<—(Fl-(x))—1(U)

choose the left-continuous version of the inverse (Fi(x) )y (w) :=inf{y € [0, 1]: Fi(x) (y) >

w}).

(it £ is not strictly increasing, we

3For example, A = {U € [0, jor /s 1} for an independent uniformly distributed random variable U
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l——— l———

Ef(y2cw)
M

Ef(y1ew)
M

Ef(yoew)
M

1
——

FI1G. 4. Visual aid for the proof of Lemma 3.7. For the sake of presentation, we have chosen d = 3.

e If U lands in the rest of the ith interval (right-hand side example on Figure 4), we set
X((,f) =@. Set G; = Fl.(y ) _ Fi(x) and note that this function is nonnegative on [0, 1] and
nondecreasing. Indeed, for all u < v, we have

Gi(v) - Gi(u) = /( (FOrecw) = f 1) At} /1 = 0.

We can thus define the left-continuous inverse G; 1(w) = inf{y € [0, 1]: Gl(x)(y) > w},
) _
and set Xq," = yi<—Gj'(U—F,.(”(l))‘
Let us prove that, with these definition, X4 (x) and X ((;y, ) have the correct distributions and
that X ((,)f) X((,f ). First note that, if X((,y1 ) =g, then U fell into the topmost interval and thus
X((,f) = &, hence Xt(ff) X((,yl). If X((,f) # @, then U fell in the orange part of an interval and
thus X((;f) =XicV Yiey= X,(,y,) (where V = (Fl.(x))_l(U)), since x .
Let us now check that X4 (x) defined in the coupling above has the right distribution. It is

equal to @ if and only if U landed in the topmost interval, or it did not land in an orange
sub-interval, and thus

d—1
P(XY =2)=cy) + Y (F () — FO 1)
i=0

1 d—1 1 d-1
=1 5 LB 0]+ 3 3 /M f i) dp(o)

ldl

—— Z/ F i ) du(v)
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d—1

=1-— ZE f@icw)]=c@).
For all Borel sets A € C;_1, we have

P(X € A) Z P(XY) € Aand F(0) <U < FX (1))

- ;) /F,-(")((D LAl py-1)

d—1
- ; /M 14 () f (5 ) A (v)/ M,

by definition of F i(x) and by the change of variable u = Fi(x) (v). This proves the claim.

Let us now check that X((,{) also has the right distribution under the coupling. First note
that P(X g e ) is equal to the probability that U lands in the topmost interval, which is of
length c(y), and thus IP’(X((,yl) =) =c(y).

For all Borel sets A C C4—1, we have

P(XY) € A) Z P(XY € Aand FV(0) < U < F(1))

d—1
+Y P(XY e Aand FV (1) <U < F (D).
i=0

The first sum is similar to the calculation above when checking the distribution of X S;f):

d—1
S P(XY € Aand FP(0) < U < F2 (1))
i=0

1d1

_ = ZE S Giew)1aQiew)].

For the second sum, we have

d—1
Y P(XY e Aand £ (1) <U < FY (1))
i=0
S @) W
X
=Y PO, g w_pay €Aand KV <U < FO (1)
i=0
= 1 . - X du
ig(:) /F}")(l) AV G Ry

-1
-% /M LA ) (f i) — £ (i ) due(0) /M.
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by definition of G; and by the change of variable u = G;(v) + Fl-(x)(l). We thus conclude
that, in total,

| | d=l
P(X) e A) = ” D E[f Giew)1aliew)],
i=0

as claimed. We can now iterate this coupling at each jump-time until X becomes absorbed.
After X reaches @, we let X©) evolve independently according to its dynamics. This
concludes the proof.

A.3. Proof of Proposition 4.2. Let C’f C (' be the set of elements of the form
(z, 271, 8y,) for >0, m > 1 and yi,y2,..., ym € Cq—2. Here, we view M(Cy4—2) as a
metric space under the Prokhorov metric, and view C’ = [0, 00) x M (Cy—3) as a product
metric space with oo product metric (where the distance is the maximum co-ordinate wise
distance). First of all, we prove that there exists a function & :C} x [0, 1] x [0, 00) — C} such
that, for independent and identically distributed random variables (Uy, Wy), (W3, U3).. .,
where U;, W; are independent, U; has the uniform distribution on [0, 1] and W; follows
the distribution p (as before), we obtain a realisation of the Markov chain starting at
x' e C} by setting Sp = x” and, recursively, S,+1 = h(Sy, Un+1, Wy+1) for n > 0. We then
couple the two Markov chains started at p(w, x,) and ¢(w, x) using the same sequence
Uy, W), (Uz, Wa), ..., and write S(()"), Sf”), ... and Sp, Sy, ... for these chains. The con-
struction of & is straightforward. Let x’ = (z,v) € C} withv =3"" 8y, € C/f and u € [0, 1],
w’ > 0. Order yy, ..., y, lexicographically and define

l
(73) so=0 and s;=) f(yjUz), 1<i<m.
j=1

Then, let 1 < p <m be such that s, | < us,;, <s,. We now set

d-2
(z, vy é(yp)iew,>, in Model A,
h((z,v),u, w') = i=9

d—2

(z, VY 8 — (syp), in Model B.
i=0

It follows immediately from the dynamics of the Markov chain, that the function 4 has the

desired properties. Next, we show that, for the coupled Markov chains:

(74) for any k > 0, we have § ,E") — Sk almost surely.

By continuity of f, this implies that F (S,E")) — F(S) almost surely, which concludes
the proof. To prove (74), we proceed by induction. The case k = 0 is trivial as the func-
tion ¢ is continuous. Assume that we have already proved the statement for all j €
{0, ...,k — 1}. Recall that Sy = h(Sx_1, U, Wi) and Sy = h(S\",, Ux, Wi). Conditioning
on S;_1, S,EOjl, S,Ei)l, ... shows that
P(S,E”) - Sk) < E[Leb({u € [0, 1]: there exist vy, va, ... € C} and w’ >0
such that 1lim vy = Sy_; but h(vy, u, 7) —Hh(Sk_l,u,z)})].
{— 00

We conclude the proof by showing that, almost surely, the set u € [0, 1] for which v, £ > 1
and w’ > 0 exist satisfying vg — Sx—1 as £ — oo and h(vg, u,w’) - h(Sg_1,u, w’) is
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a Lebesgue null set. To this end, we prove the following stronger statement: for x’ =

(2,27, 8y,) € C}, we have that, for all u ¢ {s{/sy,..., 1}, where s1,...,s, are as in

(73) for this particular x’, it holds that, for any sequence x, — x" and w’ > 0, we have

h(xp,u,w') = h(x',u, w’). To see this, let x;, = (z¢, Z?Zl Sy@) be a sequence with x;, — x’.
1

This implies that m,, = m for all sufficiently large n and that y © yi forall 1 <i <m as

¢ — oo. By continuity of f, for the values s( ) defined in (73) for x,, we have sl( )

all 1 <i <m. Hence, if u ¢ {s1/sm, ..., 1}, again using continuity, we have that p(g) = p for
all £ sufficiently large and the desired result follows.

— s; for

A 4. Proof of Lemma 4.3. To prepare the proof of the lemma, we rewrite the relevant
sums using probabilistic language. Let Uy, ..., Uy be k 4+ 1 independent random variables
uniformly distributed on [0, 1]. We write Uy < --- < U, for their order statistics. Let
I =[Ugnl, j €{0,...,k}. Then, I, = (lo, ..., Ir) is the vector of order statistics of k + 1
independent random variables with uniform distribution on {1, ...,n}. Let A, be the event
that these random variables are distinct. Then, for «g, ..., ar > 0,0 <n < 1/2, we have

1 k=l N\ n I\ %
(o, ..., 081 = ‘E f) . >(—> 141 )
n (0o ok, 1) *E D! |:j11)<<1j+1 a-1)\a Andig>nn

Note that, given Uy, U(i+1), - - ., Uy, the random variables U, ..., U1 are distributed
like the order statistics of i independent random variables with the uniform distribution on
[0, U(y]. Further, Uy, is distributed like U!'/*+D_ where U follows the uniform distribution

n [0, 1]. Thus, setting V; = Uil/(iH)UilJi(le)---Ul/(kH) for i € {0, ..., k}, the random
vectors (U, ..., Ux)) and (Vp, ..., Vi) are equal in distribution. Therefore, by applying
the dominated convergence theorem, for = 0 we have

1 k-l U(') @j 1
lim Ty (o, ..., o, 0) = ‘E (( J ) : )U"‘k )
n—oo (k+ 1)! jl;[() Ui+ Ui+ )

The last term is equal to

1 N 1
<k+1>"E[H(V‘ ) vl
. j=0 Jj+1 j=0 j+1

1 k
=% E|:H U;’U/(JH) l—[ U- J/(J+1):|

j=0 j=0

PROOF OF LEMMA 4.3.  We start with the term involving 7. Note that ]_[/ 07 +’f 114, <

2]_[ (J+1)’ since on the event A,, we have I; > 2. Thus,

k-1 A

I oj n Ik g
(G =) () e

|:Jl:[()<<1j+l Iiy1—1 n Ay Llp=<nn

k—1
< 2E|:]_[ U(;il)hofnn}
j=0
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< 2E|:1_[ U(](k+2)/(k+1) ]P)(I() < nn)l/(k+2)

+1)
j=0

<2(k + 1)(1+k(k+1))/(k+2)nl/(k+2)‘

:| (k+1)/(k+2)

Here, in the last step, we have used P(Ip < nn) <P(Up <n)=1—(1— 77)"+1 <(k+ 1)n.

= 1 i
Next, let A = T~ Ui In the computation of

NG 7))

Jj=0

we can now successively replace ﬁ by U( " +Ajyq for j €{0,. -1} AsAj 1 —
J

0 almost surely, it follows from the dominated convergence theorem, that

1) Gy o)) () 10

Jj=0

[T () 1

Jj=0

As E[|Aj 41 |1U(0)>1 /n] = O(logn/n), it follows easily that the convergence rate in the last

display is O(logn/n). Next, let A/ L. Note that, for any positive real numbers

1+1 UG
X, y, we have
> oy 1
x+Dx ~ [x x ~x’

and thus, on A,
Ay e[=mUg41) ™" UG~

Hence, by the mean value theorem, if & > 1, for j € {0, .. — 1}, |(1 i ) — (U( (i)l))"‘| <
J

a/(nUgj+1)). In the case that o < 1, observe that

I, U nU; U
min( J ’ () )2 () > () ’
Iiv1 UG/~ nUgGeny+1 7 204

since /; > 1, and thus,

I; a—1 U, a—1 U, a—1 20U
max(( j ) ( & ) >§( () ) < 2Yy+n.
I+ Ui+ 2U(j+1) Ugj)

Thus, by a similar application of the mean value theorem, if 0 < o < 1, then,

i\ ( Uy \*
—_— <2a/(nUj).
Ijt Ui+

Now, for j € {0, ..., k}, we have

k
—1 k+1
[ () H U(l+1)1An11()>1:| =< E[H U, 1Uz’>n_i:| = O(log""(m)).

i=0

Note that we only need Ip > 1 when o < 1, in order to ensure that Uy > 1/n.
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Uy

/
Ten + Aj shows

EW(%)“’-(Uuil)))(i—")”“nl'oﬂ}

Jj=0

k—1 . k—1 k—1 k+1
Uiy \Y 1[I\ % > i—oujlogt™ (n)
:E|:H< 0 ) ’ 1_[ <_> lAnllo>1:|+O< ! ! )
—o UG+ j—o UGg+n\n n

j=0

Replacing Ii/n by Uy gives rise to an error term of order at most o log"*'(n)/n. As
P(Af) = O(1/n) and P(Iy = 1) = O(1/n), an application of Holder’s inequality shows that
we may drop the indicators 14, and 1;,~ at the cost of an error term of order n—1/(k+2),
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